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Abstract
:’ﬁj/'/Oﬂ sub 2
l\\\—"‘P'An analytical study was performed to determine the
critical buckling loads and natural frequencies for composite
cylindrical shells, including transverse shear effects and

constant through the thickness direct strain e A linearized

z’
form of Sanders shell equations are derived, including a
parabolic transverse shear strain distribution. Higher order
laminate constitutive relations are developed. Hamilton’s
Principle is applied to derive five partial differential
equations of motion and the associated boundary conditionms,
which are then solved using the Galerkin technique.

Ply layups of [0/90]}, [45/-45), and [0/45/-45/90] were
investigated under three boundary conditions, simply support-
ed, clamped, and a combination simple-clamped. Symmetric and
nonsymmetric laminates were investigated.

Curvature is shown to have a important effect on all
panels investigated, due to membrane and bending coupling.
Buckling loads for deeper shells are significantly higher than
for flat plates. The effect on frequencies is not as great.

Comparisons between various ply layups and boundaries

show results are greatly dependent on the shell geometry,

curvature, and boundary conditions. <. .

v

Behavior of the nonsymmetric laminates is not as expect-

ed. Most results indicate the nonsymmetric laminates to be

xii




stiffer than the corresponding symmetric layup, contrary to

theoretical predictions.
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THE USE OF A HIGHER ORDER KINEMATIC RELATIONSHIP ON THE

ANALYSIS OF CYLINDRICAL COMPOSITE PANELS

- I, Introduction

Background

Much work has been done in the area of composite cylin-
drical shells over the past few years. The high strength to
weight ratios and the ability to tailor material to meet
specific design goals make composite structures ideal for many
applications, especially in the aerospace field. Noor and
Burton have gathered extensive information on developments in
this field (13; 14). A few key developments are presented
here.

It has long been known that Classical Plate Theory, based
on the Kirchhoff-Love hypothesis, tends to produce large
errors when dealing with advanced composite materials. The
Kirchhoff-Love hypothesis assumes that straight lines normal
to the undeformed shell midsurface remain straight and normal.
In other words, transverse shear strains are neglected,
resulting in overestimates for the buckling loads and natural

frequencies.




Reissner was the first to recognize the need to include
the effects of transverse shear effects (23). Mindlin
followed, and added the effects of rotary inertia (12). The
so called Reissner-Mindlin theory assumes that while cross
sections remain plane, they are allowed to rotate around the
normal. This theory does not, however, satisfy the boundary
conditions of zero transverse shear on the top and bottom
surfaces of the shell. This requires application of a
correction factor, and is commonly accepted.

Reddy (20; 21; 22) assumed that the displacements of the
middle surfaces are cubic functions of z. This leads to a
parabolic distribution for the transverse shear strain, and
does not require a correction factor. Linneman and Palazotto
(10; 16) used this approach in developing solutions for the
critical buckling loads and natural frequencies for symmetric
laminated cylindrical shells.

Recently, there has been interest focused on nonsymmetric
laminates. Nonsymmetric laminates have coupling present
between their extensional and bending behavior, and thus are
not desirable in many engineering applicatiomns. However,
sometimes their use cannot be avoided, and delamination in
symmetric laminates create a need to understand the effects of
nonsymmetry. Whitney (28) applied Donnell-type equations to
laminated cylindrical shells. Reddy (21) used a Navier

solution for cross-ply antisymmetric shells. Chen and Shu (5)




applied large deformation theory including shear deformation
to thick nonsymmetric laminates. Burt and Kumar (1) looked at
shells of bimodulus composite materials, which display
bending-extension coupling analogous to nonsymmetric lami-

nates.




Objectives

This thesis will apply a higher order shear deformation
theory to nonsymmetric composite cylindrical shell panels.
Solutions for the critical buckling loads and natural frequen-
cies for different geometries and boundary conditions will be
found. Comparisons will be made against solutions for
symmetric laminates using similar theories. The effects of

varying the radius of curvature and span are also investigat-

ed.
Approach

The approach taken for this thesis parallels that used by
previous analyses in this area (2; 10; 18). Displacement

fields are assumed based on Reddy’s parabolic shear strain
model (20; 21; 22). Strain displacement relations are devel-
oped using a linearized form of Sander’s equations (4; 10).
Equations of motion are derived using Hamilton’s principle
(11; 25), and incorporating laminate constitutive relation-
ships (9). Galerkin’s Technique is than applied (11; 27).
Appropriate admissible functions are chosen to represent each
boundary condition studied. The resulting Galerkin equations
are then placed into a FORTRAN code that generates an eigenva-

lue problem. The solutions are the critical buckling load or




the natural frequencies for the particular ply characteristics
and geometry specified.

Convergence characteristics are investigated to check the
validity of the Galerkin solutions. Comparisons of results

are made for boundary conditions, ply orientations, and

symmetry.




IT. Theory

Strain-Displacement Relations

The coordinate system for the circular cylindrical shell

Figure 1. Shell Panel Coordinates

panel is shown in Figure 1. The x and y axes are located at
the midsurface of the laminate, at z = 0. The degrees of
freedom u (x,y,t), v,(x,y,t), and w (x,y,t) are the displace-

6




ments of the laminate midsurface in the x, y and z directions
respectively. The degrees of freedom ¥ (x,y,t) and Ty(x,y,t)
are the bending rotations of the cross section from the normal
with respect to the y and x axes, respectively. R is the
radius of curvature, h the laminate thickness, a the length in
the x direction, and b the length in the y direction.

The displacement field to be used for this work was
presented by Reddy (20; 21; 22), with one modification. The
forms for u and v were chosen in order to provide a parabolic
shear strain distribution across the thickness of the lami-
nate. In addition, the assumed displacement w is a linear
function of z. Whitney (29:315-319) applied this concept to
a flat plate. As a result, ¢, is not equal to zero, but is
constant across the thickness. Related work has considered ¢,
to be zero, thus simplifying the problem (10; 18). The
following development will include e, as a constant value
through the thickness.

The assumed displacement fields, to meet the ideas stated

above, can be written as follows:

ulx,y,z, t) = u, + z¢, + z¢, + z%0,

Z 2 3
V(XIYIzIt) (1'4' R) V°+Zl|ly+z¢2+zﬁz (1)

wix,y,z,t) =w, + 2§

(each of the functions shown, u, v, ¥, and Yy are functions
of x and y only, not of z). The values of ¢,, ¢,, 6,, and 6,

7




will be found such that the boundary conditions of zero
transverse shear strain at the top and bottom surfaces of the
laminate are satisfied. The function §(x,y,t) represents the
strain e,, constant through the thickness.

The strain-displacement relations, for a circular
cylindrical shell, are based on Sander’s equations (4:195; 7;

24:595). They can be stated as follows:

ex= u'x
1 w
€ = v -
y 1+ E( 'y R)
R
ez=w'z
nyz 1 u'y+ V'x
1 + _z
R
_ 1 v
sz = 1 +_-£—(wly }) + Vlz
R
sz= u'z+ w'x

(2)
where ( ),, represents partial differentiation with respect to
x, etc.

The quantity z/R is assumed to be approximately zero for

the transverse shear strains in the yz and xz planes. For the

remaining strains, the following binomial expansion is made:

1 z z\2 z\3 z
=1 -= +(= - = + ... 81 - <
—z 5 E 3 z

=in




This approximation allows the strain-displacement relations to
hold for deeply curved panels, with a height to radius of
curvature ratio up to 1/5 (7).

As shown in Appendix A, if the transverse shear strains,
Yy and y,, are set equal to zero at the top and bottom
surfaces, the values of the unknown coefficients in the

displacement relations are found to be:

-Elx —EI
(bl = 3 , ¢2 = —E_y
0, = k(W, +w.), 6 =k, +w,)

where k = -4/3h2,

The displacement field thus becomes:

u(x,y,z, t) = u, + z¢, - 22-52#‘ + 22k(y, + w, )

v(x,y,2z,t) (1 + %)Vo + Z"’y - 22% + Zak("’y + le)

(6)

wix,y,z,t) = w, + 2

Using these displacements in Sander’s equations, Eq (2),

the strain-displacement equations become:




€y = Uy, + ZW, , - 22 5'2’“ + 23k(Y ., x + W, )
114 ’
R P

+ z3[k(llly,y W)+ 52’ z

1 Yy,
Yoy = Ug,y + Vo + z(‘l’x.y + 'l’y,x + ﬁ("o,x - uoly)) - zz(_% + E,xy)

+ 22k(Wy , + ¥y, t 20, ) - z‘i};(‘px.y * Wo,xy)

Yyz = ¥, + W, + 322k(Y, + W, )

_ 5 (7)
Yxz = "’x + Wo. x +3z k(q’x + wo,x)

These expressions can be presented in matrix notation to

simplify later usage,

( o) \
. [ 4 4 1 ( R
€y x x2 Kx x2 0
o
€ 1 3
=4 0 0
e €,
{2y =7 2400 4 22 RN AR 0} 4+ 2447} (8)
d Xy . Xy ot
Yyz Y;, 0 yz 0 0
Y xz o L 0 1 0 [0
:Y xz) XZ

Note the superscripts on the x, terms are not exponents, but

for identification purposes only, to distinguish among the

10




higher order terms (21;22). The strains at the midsurface and

curvature terms are defined below:

(8:‘ ( Uy, x
e; Vo.y + %
ez
4 y = 9 § 4 (9)
°
[V xy Ug,y Vo, x
Yyz Y, + W,y
L ;2‘ ‘l',x * WO'XJ
0 Wx,x
Ky E
g; = Yyt R (10)
1
g}' "’x y l"'y,x + _'é_é( o,x uo,y)
‘ ¢ ) E'xx \
xx 2
K1t = < ! (11)
Xy _ "x’ E
1 R ' Xy
yE
1 Bk{y, + w, )
sz
?k(*x + wo,x)_
Ki k(*x,x + wo,xx)e
Kt = K, + Wy, ¢ 22 (12)
2
XY, k(wx,y + wy,x + ZWO.X}'

11




k
{:3} R (13)

k
--}-? (w"'}’ * wolxy)

Equations of Motion

The displacements and strain relations will now be used
to find the equations of motion and associated boundary
conditions. The basis for this development is Hamilton'’s

Principle, which states

t2
fG(T-U-V)dt=0 (14)
121

where T is the kinetic energy, U is the strain energy, and V
is the potential energy due to external forces (11; 19; 25).
The symbol 8§ represents the first variation of the enclosed
quantities.

The kinetic energy is defined as

p( u? + v2? + w2 )dz dx dy (15)

Sy ]y
i

ol

~3

1l
Ot— &>
O'SD

where p is tho mass density.
It was decided to focus the scope of this thesis on
investigating nonsymmetric ply lay-ups. Therefore, in order

to isolate the effect of the nonsymmetry from the transverse

12




shear effects, the direct strain ¢, was eliminated from the
strain relationships by assuming the value of £ to be zero.
The displacements and strain relations thus become those
presented by Linneman (10:12).

Based on these simplified equations, the squares of the

partial time derivatives of the displacements are as follows:

a2 = u2 + (2z + 2kz3)a ¥, + 2kz3a,w,, + (22 + 2kz® + k2z®) 2

+ (2kz® + 2kz®) ¥, W,
R R R e R e

+ (22 + 2kz® + k?z8)§2 + (2kz! + 2k?z6) W, , + k2z5W, ]
w2 = w? (16)

At this time, the following definitions for the mass
moments of inertia are introduced:

A
2

(1,,1,,1,,I,,I,, I, ) = j.p(l,z,zz,z3,z‘,z‘) dz (17)

Nl

with the following simplifications (21; 22):

T 2
=1+ %1,
I, = I, + kI,

13




T 1 k
I, =1, + 7213 + kI, + _RIS
I, = -kI,

=/ k

. = I, + 2kI, + k21,

I, = -kI, - kI,

The kinetic energy becomes:

( Ilug + 2}-21.10".’:( - 2‘?:4&0W'x + fdﬁ’i - 21-'5'1le,,‘

Ot

|1
T 2

o 2 /0.2 b=y =y A ¥ 4.2
+ K2Lw, e + Lo + 2T,V 4, - 2LV W, , + I}

- zfslllyw,f, + I,w?) dx dy

(19)

Taking the first variation
b a .
8T = ff ((1,4, + Iy, - I3W,y)6ﬂo + (Lu, + Iy, - Iw,,) 8y,
0 0 . -
+ (=L, - Iy, + k2L, ) 8w, + (I[V, + I,§, - I}w, ) 8V,
+ (v, + T, - L) 8%, + (TJv, - Tk, + kK*Lw, ) bW,

+ I,wdwl dx dy
(20)

14




The final form of the variation in kinetic energy is
obtained by integrating by parts the quantities &w,, and 5w,y
with respect to x and y, and then integrating the entire
expression with respect to time. As described by Meirovitch
(11:45-46), the variations of the degrees of freedom over the
interval t, and t, are zero; thus this contribution to the

integration by parts vanishes. This leaves the following:

b a
f dTdt = f f f[ - (Ilﬁo + Ly, - 'I_-Jﬁ"x )6110 - (fj{‘?o + fé"’y
0 o0

- f:sl‘:"y)bvo + [f:!ﬁo,x + fSﬂ’x,x + f?,/‘;'o,y - k21‘7 (W')or
+ Ww) + Is"’y,y + ISI:I]GW - (Izﬁo + IA"’x - ISW'x)b\px

- ('-fz/‘n’o + f“vy - fsl-s’,y)allly ) dxdydt (21)

The strain energy is developed according to procedures
presented in (11), (19), and (25). The first variation of the

strain is written as follows:

(0.0e, + 0, 8¢, + v by, + 1,,0Y, + 1,0Y,,) dxdydz
(22)

o",b
Y

Nl

It is convenient at this point in the development to

introduce the constitutive stress-strain relationships for the

15




laminated structure, as these relations will result in force
resultants that will simplify the strain energy formulations.

As defined by Jones (9:45-51), the constitutive relations
for a single orthotropic layer in the principle coordinate

system shown in Figure 2 are

5, 5, 0] (o

X
y
o 10 0 Sl (23)

xz i 0 Sss xz

Figure 2. Lamina Material Coordinates
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The S;; are compliance terms. They can be written in terms of

the engineering constants as follows:

1 Vai
Sy = = Sy, = ——=
Ey, 12 E,
_ 1 _ 1
S, = E. S = G..
2 12
(24)
1 1
S = = Sss = ——
G, Gy,

Here E, are the Young’s moduli in the ith direction, v;; are
the Poisson’s ratios, and Gij are the shear moduli in the
corresponding i-j plane.

The above equation can be inverted to obtain the rela-

tionship for stress in terms of strain:

Oy O Q2 0 |e,
Oy = le sz 0 ey
. 0 Qse| Vv (25)

| 0
tyz} -04 4 0 ] gyz}
xz | 0 Oss| Yz

Here, Q;, are the reduced stiffness terms and are defined as
0. = E, 0. = Vi E; - Vo By
11 ’ 12
1= Veva 1= ViV 1 = Vv

(26)

022 = E.
—2 ., Os6 = Gizr  LQad = Gozr  Oss = Gy

17




Eq (26) applies only to a laminate in which the fiber
orientation (1-2 coordinates) coincides with the x-y coordi-
nate axes of the structure. Generally, this is not the case.
For laminae with the fibers oriented at some angle 6 from the
x-y axes as shown in Figure 3 below, the reduced stiffness
matrix [Qﬁ] of Eq (26) must be transformed to reflect the
rotation of the laminate axes. The transformation matrices
are defined below, where m = cos 8§ and n = sin ©

m® n?® 2mn

[©13] i,7=1,2,6 use T=|n® m? -2mn
~mn mn m?-n?

(27)

28
4, 5 use T=[m n] (28)

Qi) 2.7

Figure 3. Arbitrary Lamina Coordinates
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The transformed stiffness matrices are thus found

- 29
[0y = (17 [01,] (T (29)

The lamina constitutive relations can now be written as

O, 511 512 516 €,
Oy =012 Q22 O €y
o)k Qe Qo Deef, Cxv (30)

{:yz} .Qu 045 gyz}
Xz ;.Q“S 055 x Uxz
where k denotes the kth lamina. The Q,; terms are given by the

following simplified relationships:

01

01, = (0,, + O, - 40;¢) 8in?0cos?® + Q,, (cos*® + sin‘6)

0,,c08%0 = 2(0,, + O;)sin?6cos?0 + O,,sin‘@

Os2 = 0,,810%0 + 2(0;, + 20,) Sin6cos?® + 0,,c0s*0

O = (01 - 01, - 204) 5inBCOS + (0., - 0y, *+ 20) sin®6cosd
0,6 = (0, - Q1 - 20s)8in*@cosd + (O, - O,, + 20,,) sinBcos?0
Des = (D4, + Oy - 20,; - 20,¢) 5in?6cos?0 + O, (sin® + cos6)

Qis = Q,,C08%0 + O,,5in%0

-53
[t}
[

= (Q,4 - Os5) cosBsind

O, = D,sc0820 + 0,,5in%0 (31)
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The final form for the stress in the kth lamina is found

by substituting the strain expressions and the transformed

reduced stiffness terms into Eq (31)

- = = o o 2
Ox Q11 Q2 Q6 €x Kx 0 Kx 0
- - = 1 3

- o o 2
Oyt =112 Qa2 Qo €y * Z Ky + 22 {%yy + 23 ki1 + Z¢ {Ky
- = = 1 3

o o 2
X¥) k Q6 Or6 Dse k xy Xy XY, Xy XY

{}’X} = §44 §45 ;z + Zz ;z (32)
p ¢ Q‘S QSS k ;z }tz

The stress over the entire laminate is obtained by

integrating the individual laminae stresses over the thick-

ness. This produces quantities representing the resultant

forces and moments, plus higher order terms, acting over the

laminate. These are shown below:

Ox
o

(1,2z,22,2z3,2%) dz
y

[N
-
-~
e
-
oo
-
n
[
b'" [

)
on
o
)
]
wl

Xy,

N Zy x

; f o, (1,z,22,23, 24 dz
=]

Zg-1 Ty

»

{:"’} (1,z3)dz = ¥, f{:""} (1,z%)dz (33)
xz, k=1 k

.h Zpy, UXE
2
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The quantities {N,}, {M;}, and {Q,}, represent the resultant
forces and moments found in conventional laminated plate
theories (9:154; 29:239). The remaining quantities {S;}, {P;},
{L,;}, and {R,} are higher order resultants from the parabolic
distribution of the transverse shear strain (10; 21).

The expressions for the stresses, in terms of the trans-
formed reduced stiffness matrices, Eq (32), and the strain
relations, Eq (8), are now substituted into the above expres-
sions, and the terms independent of z brought outside of the
integral. Finally, the following notation for the laminate

stiffness matrices is introduced:

(A Bij'Dij’E.ij’Fi Gij’H

ije

ije iz Ti50d55) =

N Zx

y [Qij]kf (1,z,22%,23%, 2%, 25,2%,27,2%dz
k=1 Zpes

i=1,2,6

N Zx
(Aj3.Dyz. Fyy) = Y (O], [ (1.2%.29dz i=4,5 (38)

k=1 Ty
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oX on oF OF o oF o i oF W W aF o ok
O W gy ¥ X Ty X T ¥ ¥, o ¥ ¥
Nt -
88 8.8 R 8 8. 8.8 2 8 8.8 88
SN S CSE U Ol S S
- TN T S ST S R I S B -
= SN I G G- A L
o 2.8 8 a8 e 33 e g8 8 dy 8
H O S N OO ORI B )
® 5 & 8 8 8 8 2 8 8 @08
3 SR S SSTONE I O S
=
o 98 8 98 8 99 8 9 8. %
8, S NS A S A CEE O G S
o I I B B I T - G I
N S S S O U ORI OO R S
T 2 8 8.5 8 2 3 8 8
b S < N~ D N S S S S
£ g8 e S
k= 98 8 a8 8 08 g
o SE SIS R B R S
8 o & of § o o =
§e)
T S eSS =
3
“ N W «# &N v
m Bl Bl Bl Dl Dl Dl >
w © ¥ 0
5 < “
oy 3 308
= I
& 483
— NS "
% n
~ 12dw14J e 611}216411?26
o FFX Ty gy alaa g
[£3]

(35)

[T T ¥ o I " I ¢ )
Q Qe R
F &
T 5 39
< < Q]

the formulation of

With these expressions now in hand,

the remaining terms in the energy development will be much

Substituting the strain-displacement relations into

simpler.
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the variation of the strain energy and integrating with
respect to 2z, the resultant quantities from Eq (35) may be

substituted to produce the following:

b a
U = (N,8e2 + M,3x2 + P,6x2 + N,8e° + M,8x% + S,8«x}
1 1 1 2 y 2 4 2 Y

0 0

+ P82 + Lbx) + Nby2, + Mbxg, + S.bxy, + PdxZ,

+ Ldx), + 0,870, + R8xy, + 0,85, + R, 8x);) dxdy (36)

The expressions for the strains at the midsurface and
curvature terms, EqQ (9) through (13), are now substituted into

the above expression. After collecting terms, one obtains

b a
3u= [ [ Ndu, . + (N —2]}—_\,&!6)6%,}, + N3V, + %szw
¢ 0

+

(Ng + E%Ms)bvo,x + kP,dw, o + (kP, - Tlekl‘z)bw'yy

+

(2kP, - TIQkLs)bw,xy + (0, + 3kR,) 8w, , + (0, + 3kR,) 8w, ,

+

(M, + kP,) 8%, , + (O, + 3kR,)8%, + (0, + 3kR,) 8¢,

(M, - _;L_?sz + kP, - %kLz)bily,y + (M, + kP) bV, ,

+

+

(M, - 7125‘ + kP, - %kLs)bvx,y] dxdy

(37)

After integrating by parts, the final expression for the

variation of the strain energy is obtained:
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b a
- 1 1
dU = ff [(—Nl,x - Nﬁ,y + ﬁlqﬁ,y)buo + (—Nz,y - Nﬁ,x - ﬁ%,x)bvo
. g 0

* [k(Pl,xx + Pz,yy + 2P6,xy - Qz,y - Ql,x - 3k(R2.y + Rl,x)

+

2N, - k(L,,,, + Ly ) 18w + [3KR, - k(P . + B, ) - M, ,

R
M, + 0+ 712(36,}, + kLg )18, + [3kR, - k(P,,, + B, )

M2,y + %(52,}' + kI‘z,y) = MG,x + Qz] bwy] d)(dy

b
+ [INBu, + (N + %z%)bvo + [-k(P, , + 2P ) + 0, + 3kR,
Q

+

LKL, 8w + (M, 2kP,) BW, + (4, + kP,) dletay,] j:dy

+

a
[, - 2—1RM6)6uo + N8V, + [-k(P, , + 2B, ,) + 0, + 3kR,
0

+ 2K(Lyy + Lo ) 10w + (M + kP + (=5, - kL) 18w, + (M,

+

1 ysb
2kP, + £ (-5, - 2kL2)]61!y]ylodx
y=b x=a
w |

+ k[2P, - iRleb b

(38)

The final component in Hamilton’s Principle is the

potential enerqgy, V, of in-plane forces. It is defined as

b a
V= { { (Ne, + Ny, + N,y,)dxdy (39)

where N,, N,, and N,, are the initjal in-plane loads, and ¢,

e, and y, are the midplane strains due to the displacement w.
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These strains are normally considered in large deflection
analysis, and only nonlinear bending terms, those involving w,
are considered. In linear theory, these second order strains
are used in determining critical buckling loads (29:241). For

the problem presented here, the strains take the following

form:
1 2
6x=—2—W,x
1 2 74
€. = —w + —
y 277 R (40)
Yy = WoxWry

The first variation of the potential energy is

b a
6V = f f [(ﬁlwlx + ,ﬁsw’y) 6W,x + (l-\;-‘,w,y + ﬁsw,x) bw,y + %ﬁzbw]dxdy
[

(41)
After integrating by parts, the final form of the first

variation of the potential energy is as follows:
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b a
BV = ff[-ﬁlw.xx - 2Nw., + N, (lR . w,yy)] 8 waxdy
o 0
b a (42)
—_ -— a — -— b
+ f( Ve ¥ New, ) Bw | dy + f(NZW'y + NGW'x) dw | dx
s} 0 0

(=]

The expressions for the first variations of the kinetic,
strain, and potential energies are now substituted back into
Hamilton’s Principle, Eq (14), to produce the following:

t2 b a
ff{(_Ilﬁo - I—-Zq’x * 1—-3‘:"x + N].,x + Ns,y - 'gk%,y)auo
0 0

t,

+

(_1_-1/‘70 + ﬂ‘py + ‘?3‘?’)' + NZ.}' + Ns.x + E}I—aMs,x) GVO

+

[.'f;ﬁo,x - f5';'x,x - f:«!,‘“,o.y + kzI? (W'xx - W'yy) - fsllly,y

I,w = k(P g0 + Py, + 2P, ) + Q5 + Q1 + 3k(R, ,

* Ry - %(Nz = K(Ly,p * Lo, xy)) * MWy + 2NgW,
- I_V-z(% - W,,,) 18w dxdydt

+

["1—:2&0 - i“'x + I::s‘:"x + k(Py g+ Fs) + M o+ M)

3kR1 - Ql - %(Ss,y + kLs,y)]b"’x + [_levo - '-z_-d\l’y

+

Igw,, + k(P + P ) +M, , +M .- 3kR, - O,

- 28, kLz,,)]wy} dxdydt
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t2 b

-[f { NBu, + [N, + 2—1RM6]6v° + [-k(p,,, + 2B, ,

+Q1 +31(R1

t, o
l —-— X=a
+ EkLG,y + Nyw, 18w + (M, + 2kP)) 8¢, + (M, + kP,) 8¢, }xlodydt

t: a

-ff{ (V. - 2'_1Rz~46]auo + N3v, + [-k(B, , + 2P, ) + 0, + 3kR,

t, 0

+ '}Ek(Lz'Y + Lg ) + Nyw, , + Now, 18w + [M, + kP,

b
_ ';LT‘,(SG + kL) 18¢, + (M, + 2kP, - 712(52 + 2k12)]6¢y }:lodth

t;
1 y=b x=a
- k[2P, - =L.]18 dt =0
tfl { (2P - ZL] “’},,L,,,L, -

The double integral in the above equation contains the
five equations of motion. The two line integrals represent
the geometric and natural boundary conditions along the edges
of the shell, and the fourth expression gives the boundary
conditions at the corners.

The variations of the degrees of freedom &u,, 6v,, ow,
6¥,, and GTy, are arbitrary and generally not equal to zero.
Therefore to satisfy Hamilton’s Principle, their corresponding
coefficients must equal zero. The five coupled partial
differential equations of motion for the panel at any time t

are therefore defined as follows:
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Corresponding with the degree of freedom éug:

Nyt Ny = o=My = Tl + LT, (44)

with év:
1 - —IV o 7! - T/~ 45
NZ,y + Ny x * 'z—ﬁMﬁ,y = I, * Iz‘l'y IBWIy (45)

with 6w:

~K(Py x * Pyyy + 2P ) + Qpy * Q1 * 3K(Ry , + Ry )
1 = = =[1
_—é [N2 = k(Lz,yy + Ls,xy)] + NIWI,“ + 2N5Wlxy - Nz[‘}_.e = ley]

= f:iﬂa,x + -_fs"’x,x + j-::a/";'o.y - k2L (W 0 + W'yy) + "i';"’y,y + Lw

(46)
with 6% :
1
k(P1.x + Ps.y) + M+ Ms.y - 3kR, - Q, - R (Se.y * kLs.y) (47)
= Izﬁc + Ilq’x - J_'SW’x
with 6?),:
k(Pz,y + P ) t M, M, 3kR, - Q, - 713(52.1' + kLz.y) (48)
= 1"-2/‘“,&- + f(i’y - IS‘;"y
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The equations of motion can be simplified to other forms
for certain applications. If R is taken to infinity, they
reduce to the equations for a flat plate with parabolic
transverse shear and rotary inertia (19; 20; 22). With the

following terms neglected:

1
Suot SRy
1
8voi SR
1
6W: Ek(l.z'yy + LG,X}')

Sy, (Se,y + kLg,,)

wlk gle

Sy, : (Sg,y + KLy )
the equations of motions reduce to Donnell’s equations. (21)

The equations developed up to this point have been
general in nature. For this thesis, some assumptions have
been made, and are introduced at this point.

First, the individual laminae are assumed to have
identical material properties. Only the orientation angle 0
will change between them. The mass density, p is a constant
across the thickness. Thus, integrating the inertia terms

defined in Eq (17) yields the following:
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I, =1, = -?2 =I,=0
I, = I/ = ph
h3 hs a’
I, = .E_ = ..L' = L
3 12 ' Is 80R I 448
s _ ph? - _ ph? T _ 17ph?® = 4ph® (50)
1 1SR’ 15 60R’ e 315 ' Is 315

In addition, in-plane inertia is not considered here,
only rotary inertia, as in-plane inertia tends to increase the
frequencies of vibration. It follows that the following
v, U Bowlus (2)

inertia terms equal zero: { and ¥,
’

o/ of o,x’ y*
and Palardy (15) determined that the effect of rotary inertia
was negligible for the vibration of flat plates using Mindlin
shear theory. Linneman (10) found the same was true using the
higher order shear theory for first mode analysis. However,
as its effect becomes more important for higher modes, it will
be included in this general development. Finally, all time
dependencies were assumed harmonic. This allows the time
dependence to factor out of all the equationms.

Implementing these assumptions in the preceding para-
graphs results in the simplification of the equations of

motion and associated boundary conditions to the following:
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corresponding to u,

ot—vu
O\m

(N, x *+ Ny, - %Ms.y)buo dxdy

(51)
f du, | d f N, - Lx)su, T ax
+ - ——— =
[Nl uaxl\':y.F'(((6 2R ) uoylo 0
corresponding to v, :
b a 1
T/ _ F/,.2
'!“of (L,0?Yy, - T,0?w, , + N, , + N, , + ﬁM&x)GVO dxdy
(52)
b 1 Xx=a a y=b
+ + = dy + | Ndv dx =0
[ (N + —=M) v, | dy [ B, |
corresponding to w:
b a
ff [Is0? (Yyx + ¥,,,)) - K210 (W, o + W, ) + Lo?w+ Q
g Q
k(P + Py + 2P ) + 0, * 3k(Ry,, + R, )
- SN, - k(L,,,, + Lg )] Nyw, o + 2N,W, ., - 1-\52(712 - w,,,) 1 8wdxdy

+
O ik

— — x=8a
[-k(P, . + 2P, ) + 0, + 3kR, + iRkLs.y ¢ Byw, o + Now, 18w | dy

a
+f [-k(P,, *+ 2P ,) + 0, + 3kR, + %k(Lz,y + Lg,) + Nyw,,
0

—-— y=b 1 y=b x=a
+ Nw,, J8w | + k(2P, - =L)8w | | =0
y=0 R ¥=0 x=0 (53)
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corresponding to ¥ :

[

O’\.b

[f‘m%x - f5(')2“"x + k(Pl.x + PG,.V) + Mt Ms.y -O - 3le

1 b X=a
- £(Se,, + KLg,,)18¥,dxdy + [ (M, + 2kp)8y, |dy
0

x=0

=b

+

o'-~,~

corresponding to Ty:

[

[1——4“’2"'}' - '?5°’2w'y + k(P +PF ) +M +M, -0 - 3KkR

O Sy

b
(S,,, + kL,,,) 8¢, dxdy + f (M, + kP18, xrdy
0

x=0

i

+

o%l

1 yib
(M, + 2kP, - Ti,(.5'2 + kL,) 13y, ,,lodx =0 (55)

Finally, the resultant quantities of Eq (33) and strain-
displacement equations Egs (7) are substituted into Egs (51)
through Eq (55) with the use of MACSYMA (17, 26) to obtain the

final forms of the equations of motion and boundary condi-

tions.
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Equation (51) corresponding to 6u, becomes:

{2A16uo,xy + Alluo,xx + Asauo,yy + A16Vo,xx + (A12 + A66) Vo,xy

O"\.b‘
O\.h

Y AsVo,yy t KE3W, o + 3KE W,y + (Ej, + 2Egq) kW,
+ KEyeW,yy, + (KEy; + Byy) ¥, o + 2(KE;, Big) ¥y, xy
(KEgg + Bgg) ¥y, + (KEjg + Big) Wy, o + [K(Ey, + Eg)

+

1
B2 * Bgl¥y,p + (KkEy + st)q’y,yy M T;{°Blsuo,xy

+

1 1 _ 1 1
+ (EDSG = Bgg) Uy, o, * 3316Vo,xx ZR,DGSVo,xy + EstVo.yy

+

AW,y % [-k(Fyy + 2Fgg) + S=kGyol W, = SKFyoWs o

(

(MIFS

1 1 3
+ (AZS - ZRBZG)ny + EGZG - 3F26)W’Y}’Y = 3 (kFlﬁ
1
+ D)Wy, * [-% (KFy; = Dyp) + 2= (KGyg + Ege) 14,

~13 (kFeq + Dyg) + (KFyp + D) Wy o + [=3 (KFy + D)

+ _2172 (kG,s + E’zs)]ﬂry,w}bua dxdy

o ApUg et AU, t AV, ot AV, Y KE W, o + 2KE (W,

o%ﬁv

+ kE\,w,)yy + (KE; + Bjy)) ¥, x * (KEjg + Bi) ¥, ,

1 1
+ (kEyg + Byg) ¥, . + (KEj; + Bl , + r {"_Z'Bmuo,y

1
+ ‘2‘315Vo,x + AW - FigW, o = anw,”, - (kF¢ + Dls)ﬂrx_y

X=a
- (kFy; + D)%, x!o Bu, dy
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v AlglUp x * Aggly,y * AggVio,x * ApeVo,y * KE(gW, o + 2KEgeW, o,

Ot »

+ KEyeW,yy + (KEjg + Big) Wy, + (KEgq + Bgg) Wy, + (KEgq

L1 (.1
+ Bgg) ¥, + (KkEyg + Byl ¥, ,, + r {""Z‘Blsua,x + (Bg
1 1 1 1
+ —4RD66) U,y ~ 4RD66Vo,x - Estvo,y - Z_Rstw
1 1 k,1

+ 3KkFy6) W,y = %(kFls + D)V, *+ ['% (kFgg + Dgg)

3

1 1
+ ﬁ (kGGS + Ess)]‘l’x,y - ‘5 (szs = Dss)‘l‘y,x ['3 (szs

1 yib
+ Dyg) + 5 (kG2 * Eze) ¥yy ylo dx =0

(56)
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corresponding to 6v:

O'\b’

a
fA16uo,xx + (A, + Ag) Uspxy * AeeVo,sx + 2826Vo, 0y *+ A22V0,yy
)

- .'I_3/m2w,y + KE oW1 oox * K(Ey, + 2Egq) Wy, + 3KEyoW, o, + KE,,W, .,

+ (KEjg + Big) ¥y e * [ (KB, + B),) + (kEgq + Bgg) 1 ¥, o, + (KE,q

+ Byg) Wy yy t le“’zq’y + (KEgq + Bgg) Wy, x + 2(KEyq + By ) ¥,

191

1, _1

+ (KEy; + Byl Wy, 0y + R {"Z‘Bls”o,xx Y 66 Yo, xy szsuo.yy
1 1
+ (Bgg + ﬁDse)Vo,xx + BygVo,xy + (Aye *+ ﬁst)W'x + AWy

. K k 1

1
RFlsw'xxx - ﬁGGSW'xxy -2 (3F,6 + _RGZS)w'xyy = kF,,w,,,,
+ (kP + D)Wy - = [(KF,, + D) + L(kG, + E..) 1%
> 16 16/ Vx,x = 5 66 6 7 (KCes 66 x,xy
= (kFyq * DpgdWy,yy + + —;‘—(kF“ + Dé66) osu,, ,, - %[(szs + Dy)

+ o (KGyg * Epg) 19y, = (KFyp + Do) ¥y, Bu, dxdy

AU, x + Aggl, o, + AggVo, x + AyVo,y *+ KE(gW, 0 + 2KE W, o,

+
O"\b‘

+

KE;oW,,, + (KEjg + Bjg) W, o + (KEgq + Bgg) Wy, + (KE; + Bgg) ¥y, o

111 1 1
+ (KE,g + st)wy,y + "é{EBlsuo.x - _4RD“U°'Y + (Bgg + ﬁDﬁG)Vo,x
1 1 1 1 k
+ 2 26Vo,y * (a6 + ﬁst)w + _z'kFlsw':at - E‘ﬁGssW:xy - E(Fzs

+ _]'éG“) w,yy +

N =

(kFyg + D, ), X, x - %[(kﬁ'66 + Dgg) + 712<kG“

+

Ege) W, + %(kpss + Deg) ¥y, x - %[(ki’“ + Dyg) + = (kG

wle

x=a
Eg) ¥, .} x’o v, dy

+
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a
0

+ (KEj; + Bip) Wy x + (KEyg + Byg) Wy, + (KEyq + By) Wy + (KEp,

1(_1 1
+ By, , ¢+ 'E{—EB26uo,y + 'Z‘stvo,x + AW = KFpgW, ,, = KFpW,
y=b
- (kFye + Dy) ¥y, = (KkFpy + D) ¥, ) y-l-o dx (57)

corresponding to 6w:

b a
ff{ﬁlw,xx + Nyw,yy + Now, o, = K2Lo?2 (W, o + W, ) + L0?w
00

+

I,02 (Wyx * Wy,,) ~ KEjyUg g ~ 3KE U iy + K(2Egq + Epp) Uy,
= KEyou,, yyy ~KE1gV, sorx + K(2Egq + Eyp) Vo, xuy = 3KEpVo, xay
- KE,v, ,, + (9K?Fyy + 6kDys + Ags) Wy e + (18K2F,s + 12D,
+ 2A,5) Wy p, + (9K3F + 6KkDyy + A ) Wiy, = K2H W, oy

- 4k3H,, - 2k%(2Hgg + Hyp) Wiy = 4K2H oW, 0o, = K2HoW,

w'm}’
+ (9Kk2Fyg + 6kDyg + Ags) Wy, x + (9Kk?Fy; + 6kDs + Ays) ¥,y

+ (9Kk?Fyg + 6kDys + A) ¥, x + (9Kk2F, + 6kD, + A W,,, - k(kH,,
+ P )W, o ~ 3k(KH g + Fig) Wy o, — k(2KkHgg + kH,, + 2Fg,

* P Wy gy = K(kHyg + Fpe) Wy, - k(kHyg + Fig) ¥y o ~ k{(2kH,
+ kH), + 2Fgq + F,) ¥, o, - 3k(kHy, + Fye) ¥, 4, — k(kH,,

1 3
* ¥y, ‘E{'Nz =AU x Ayl t 3F15u°"°"' + k(2F,

3 1l
+ F12) uo,xyy + 5kF26uo,yyy - A26Vo,x - A22Vo,y - EkFlsvo,m

+ %kF'“Vo'm + KFyuVy, = 2KE,W, o = 4KEyoW, o, - 2kEpw,
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+ 2k2T,¢ + 2k (2Igq + TI,) Wi ngyy + 6K2I,0w, 0 + 2K2I,,W,

(kElz + sz)"’x,x - (kEza + st)"’x,y - (kEzs + st)‘l’y,x - (kEzz

w'my

[

+

By ¥, + 2k(kIq + Gi) ¥, 0 + (3Kk?I, + k?I, + 3KkG,,

+

kG ) Wy, sy + (kI + k%I, + kG

KG )Wy oy + 4k (KIyg + Gy ¥, o, + 2k(kI,, + G W, .,

+ 2k(kI,g + Gye) Yy, yyy

+

+

1 (1 1 1
5 {.2_326(uo'y - Vo T EkG“(uo,xyy " Vo) T Eszs(Uo,m

= Voxyy) ~ AW + 2kFyoW, o + 2KF,,W, ., = K2J(oW, 4, = K205
= k2, W, yyyy + (KFpg Dpg) Wy, *+ (KFpy *+ Dy)) ¥y, = k(KFg

+ Heg) Wy sy = K(KTpg Hyg) Wy ), — k(kdyg + Hyg) Wy, 0, - k(kJ,
+ Hpp) ¥y, 0 )}0w dxdy

b

w'xyyy

- kElG Vo.xx

f {Nw, , + Nw,, - KBy u,, o + 3KkEyqu, o, - 2KEeeU, ..
[+)

= k(2B + Ey,) Vo, x = 2KEyeV,,,, + (9K?Fgs + 6KkDgg + Ags) W,

+ (9K?F,; + 6kD,s + Ays) W, , — k3H,W, o ~ 4k%H,, - k%(4H,

w’xxy

+

HlZ)w'xyy eWryyy * (9k2F55 + 6kDys + Agg) ¥, + (9k2F45

6kD,s + A;) W, - k(kHyy + Fy,) ¥, ., - 3k(kHg + Fi) ¥,

- 2k?H,

+

2k(kHyg + Feg) Wy, = k(kHyg *+ Fi) ¥, o = (2k%Hgq + k2H),

+

1(3
2kFgs + F12)¢y.xy - 2k(kHy + Fzs)wy,yy * Tz{'é'kpusuo,xy
*+ 2kFgel, , + %kFlevo.xx + kFy¢Ve,yy = KE Wiy = 2KEyW,,

+ 2k, W, o + K2 (4T I,) W, 0, + 3K2L,0w, 0, + 2k(kI

* 2kG,) Wy, + 3k(kIye + Gy Wy, )y + %{—%kG“u'o,yy
- —;-kG“vo,xy + KFyw,, = K2JiqW, o = K20,6W, 0 — k(kJg

+

x=a
Heg) ¥y,yy — k(kdy + Hye) ¥y, 1} walo dy
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16 “o, xx

a
+ f{Nzw,y + Now, , - 2kEyqu, . + k(2Es + Ep)u, ., - kEyeu, .,
0

- 2KE( v, o ~ 3KE) Vo, 0y ~ kE22Vo,yy + (9k?F,s + 6kD,; + As) Wy

+

(9k2F , + 6kDyy + Ay ) w,), = 2k*H W, . - k2 (4Heg + Hpp) W,
= AKPHy W, o, — KPHp W, 4 (9KPFys + 6KDys + Ags) ¥, + (9K2F,,
* 6kDyy + Ay )Wy, - 2k(kHyg + Fio) ¥, o - (2k?Hg + k2H,, + 2KkFg,

* kF1) W,y ~ K(kHye + Fye) Wy yy, = 2k(KHgg + Fog) Wy, 0 — 3Kk (KkHyg
+ Fzs)'l'y,xy - k(ksz + F22) l"y,yy * Tlg{kplﬁuo,xx + k(ZFGG + Flz) uo,xy

3 3
+ Eszcuo,yy + Eszsvo,xy + KF,,V,,,, = 2KEyw, , - KE,w,,

+ KPLgWo oy * K2 (8T + L) W, o, + 6K%Iy0w, 0 + 2K2I,W,
+ k(kIig + Gig) Wy o + (3K2Iq + k2T, + 3kG,s + kG)) ¥,
* 2k(kIo + Gpe) Wy, yy *+ k(kIgs + Gog) Wy o + 4k(kIye + Gy Wy o

1 1 1 1
+ Zk(klzz + G22)¢y,yy + }{-Ekcﬁﬁuo,xy - 'z_kGZGuo,yy + 'EkGGGVo,xx
+ %kc,evo,xy + KFpeW, o + KFpuWiyy = K2JqW, oo, = 2K20,0W, o

- K20,W, 4y = k(kdge + He) W, o, = k(KT + Hye) Wy — k(KT
y=b
+ H26)¢y,xy - k(szz + sz)ﬂiy,yy }}}GWylo dx

+ { 2kEqu, o + 2kEgu,,, + 2KE Vv, , + 2KE,V, , + 2K2H (W,
+ 4k2Hyw, o, + 2K2Hyqw, ,, + 2k (KH,g + Fig) W, . + 2k (kH,q
Feg) ¥, ,* 2k(kHg, + Feg) Wy, x + 2k(kH,o + Fag) ¥y, y

+

+

1
}{‘kFqu.x = 2kFequ, , = kFyv,, , + 2kEqw - 4k*Iw,

kzImw,n - 3k2126w'yy - k(kI,g + Gie) Wx,x ~ 3k(KkIg + Gee) W,y
111

- k(kIgs + G W, o - 3k(kI, + G)W,,, * E{EkG“(uo'y - Vo

= kFyqw + k2L W, o, + K2peW, ), + k(kdge + Heg) ¥y, + k(kdy
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+ kF,qw + k2Iew, ,, + k2J,4w, ,,, + k(KJeq + H+66) ¥,  + K(KkJy

y=b x=a
* W, W || =0 (58)

corresponding to &Y,

(T,0%%, - Ts0*w,, + K(Ej; + Bi)) Uy o + 2(KEyg + Big) Uy o, + (KEg

OSU‘
OS&

+ Beglu, ,, + (KEjg + Big) V, i + (KEj; + KEq + Byy + Bgg) V, o,
+ (KEyg + Byg) V1 = (9k2Fy + 6kD,, + A )W, , - (9k?F, + 6kD,

+ Adw,, + k(kHy, + Fy)) W, o *+ 3k(KHy + Fy (2k2H,,

)wlm

+ k2H,, + 2kF,, + KkF,, + k(kH,g + F,q - (9k2%F, + 6kD,,

VWi sy YWeyyy

+ A ) ¥, + (k2H); + 2kFy, + D)W, . + 2(k2H,q 2kF,g + Dyg) ¥y, xy

+ (k?Hg + 2kFyg + Dy) W o = (9K3F,5 + 6KkD,s + A5) W, + (k2H;

+

2kFyg + Dig) Wy, o *+ (K*Hgg + K*Hy, + 2KkFgq + 2KkFy, + Dgg

+ Dy,) W, o + (K2Hyg + 2KkFyq + D) ¥y,yy * %{-% (kFyg + Dig) Uy,

- %(szs Dgg) u,, o, + %(kplﬁ + D) - ':Z'L'(szs + Dgg) Vo,xy = (KkFyg
+ D) Vg py + (KE, + By) W, + (KEyq + Byg) W,y — 2k (kI

)wlxyy
+ Gy Wy, = 2(K2Ty + 2kGyg + Eyg) Wy 5 - 2 (K2I ¢ + 2KGq

* Ce6) Wy,yy — (K2Igq + k%I, + 2kGgg + 2KGy, + Egg + Ep) Wy

R
Egg) Vo, xy ~ (kFyq + Dyg)w, , + k(kHgg + Hgg

2(k?I6 + 2kGyg + Exg) ¥, + }‘{'% (kGgg + Eg) U,y - %(kG“

+

Y Wiy + k(kdyg

+

Hy) W,y + (K2Jgg + kHeg + Feg) ¥y, + (K20, + kHyg
Fi6) ¥y,,5}}0 ¥ dxdy

+
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b

+f {(2kEyy + By U, + (2KE)g + Big)u, , + (2kEq + Big) V, , + (2KkE,
0

+ By,) v, + k(2kHy; + Fy)w, o + 2k(2kH;g + Fy)w, ., + k(2KkH,,
* Fip) Wiy, + (2k2Hy, + 3KFy + D)W, + (2k?Hyg + 3KFyg + Dig)y, .
*+ (2k*Hyg + 3kFyg + D) ¥, , + (2k?Hy, + 3KkFy, D) ¥, ,

“}J‘%{'(kFls M %Dls)uu,y + (kFq + %Dls)vo,x + (2KE); + Bj,)w

+

k(2KIg + Gy ) W, - k(2KI,;, + G,) W, - (2k%I,¢ + 3kG,,

x=a
*E )Wy, - (2K%I, + 3KG, + Ep) ¥, )} 8¢, xlO dy

a

+f {(kEjg + Big)u, , + (KEgq + Bgg) U, , + (KEgg + Bgg) V, 5 + (KE,g
0

* By Vo, + k(kHyg + Fio) W, 0 + 2k(kHgg + Foo) Wiy, + K(kHy

* Fpe) W,y + (kPHyg + 2kFig + Dig) W, + (K?Hgg + 2kFeq Dgg) ¥y,
+ (k%Hgg + 2kFgg + Deg) Wy, , + (k%Hyg + 2KkFyg + D) ¥,
+—:I%{-(kF16 D)y, . - %(kF“ + Deg)u, , - %(kF“ + Dyg) Vo x

- (kFy + Fp) v,,, + (KEyg By) W - k(kIyq + Gy) W, o - 3k (kI
+ Gyg) W,y = 2k (KIs + Gl W, ,, = (K2I,¢ + 2kGyg + Ey) ¥y

- 2(k2I,, + 2kGgg * Eg) Wy, - (k2Igs + 2kGgg + Ege) ¥y, = 2 (K2I,

+ 2kG,g + Eyg)y, , + l{% (kGgg + Egg) U, ,, %(kG“ + Egg) Vo, x

R
= (kFyg + Dyg)w + k(kJgq + Heg) W, o, + k(KkTpg + Hyg)w, , + (k3J,

y=b
+ 2kHgg + Feg) W, , + (k20,5 + 2kH,; + er)‘l’y,y}}} 6"’xylo dx = 0
(59)
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corresponding to 6Ty

[

{famz‘l’y - f5“’2“"y + (KEjq + Byg) Uy, o + (KEgq *+ KE;; + Bgg

O"h

+

By Up,xy + (KEy + Byl U,y + (KEgg + Bgg) Vi + 2 (KEy

+

Byg) Vo uy + (KEy, + Bpy) V, (9k?F,, + 6kD,s + A5) W,

(9k?F,, + 6kD,, + Ay)W,, + k(kHyg + Fig) W, o + (2k?Hgg + k?H,,
*+ 3k (kHyg Fy

+

2kFgs + KFy5) W, YW,y + kK(KkHyy + Fpp) W,y

(9Kk2Fys + 6kDys + Ays) Wy = (9K*Fy, + 6kDyy + A) ¥, + (K?H

+

2kF)g + D) ¥ k%Hgg + k2?H,, + 2KF,, + 2KF,, + Dy

xoox *

+

Dipd W,y + (KMo *+ 2KkFpq + Dye) Wy, + (K2Hgg + 2KkFq

+

Dee) Wy xx *+ 2 (k2Hyg + 2kFpq + dye) ¥, o, + (K2H,, + 2kF,

D)Wy, yy + %{'% (kFgg + 2kFy; + Dgg + 2D1,) Up , = '%(szs

+

+ Dyl u,,y, + %(kpee + Dgg) Vo, = %(szs + Dyg) Vo, xy = (KFy,

yy

+ Dy3) Vo,yy + (KEjg + Bag) W,y + (KEp; + Bpy)w,y = (k?Ig + k%I,

+ kG,s + G, - ak(kI,g + Gy) W, o, - 2k(KI,, + Gp) W,y

) Wi oy

(k2Igq + k21, + 2kGgg + 2KGy, + Egg + Epp) Wy g — 2(k2T5

+

2kGy + Eyg) Wy o — 2(k%I,0 + 2KkGyg + Exg) W, 4, — 2(k%I,; + 2kG,,

111 1
l *E W,y t ‘E{E (KGyg + Epe) U, = > (kGyg + Ep) Vo,xy = (KFy,
+ D) w,, + k(kdyg + Hyg) W, + k(kdy, + Hyy) W,y + (K20, + 2kH,
+

Foe) Wy, + (K20, + 2kH,, Fp,) ¥, W 8¢, dxdy
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b
+f {(kEjg + Bg) U, , + (kEgg + Bgglu, , + (KEgq + Bgg) V, x + (KEyg
s

+ Byg) Vo, * k(KHyg + Fi) W, + 2k(KHgg + Fog) Wy 4, + k(KHyg

+ Fogdw,,, + (kH,g + 2kFiq + Dig) W, + (k?Hgg + 2kFgq + Dgs) ¥y,

+

(szGS + 2kF66 + D66)¢y,x + (k2H26 + 2kF26 + DGS)"’y,y

_Il?{—% (KFge + Dgg) Ug,y + %(szs + Dgg) Vo, x + (KEyg + Byg) W

k(kIgq + Geg) W,y = k(kIyg + Gyg) W,y = (k2I, + 2kGyq + E) ¥y,

+

x=a
- (kzl'zs + 2kG26 + EZS)'”YIY}} Gwy xlo dy

a
+ f{ (2KE;, + B,) U, o + (2kEyq + Byg) U,,, + (2kEpg + Byg) Vo, x + (2KE,
0

+ By,) V, , + 2k(kH , + Fyp) W, 0 + 2k(kHyg + Fog) W, + k(2kH,,

+ Fpp) W,y + (2k2H), + 3KFy, + D) ¥, + (2k?Hy + 3kFy

+

Dys) W,y + (2k?Hyg + 3kFyq + Dyg) ¥y o + (2k2H,, + 3KkFy,

+

D)Wy, + %{'(ZkFlz + D)y, - %(szs + Dyl U,y — (kFye

+

Dy) Vo, x = (2KF,, + D) v, , + (2KE, + Byy)w = k(2KkI;, + G)p) W)

3k(2kI,g + Gy) Wiy, — 2k(2KI,;, + G,5) W,y — (2k2I,, + 3KG,,

+

E )Wy x + 2(2k%I,6 + 3kGyg + Ep) W, , = (2k2I; + 3KkGy

+

E) ¥, — 2(2k%TI,, + 3KkG,, + E;p) ¥, , + le{(szs + Exlu,,,

(kG,g + Epg) Vo, = (2kFy, + Dyp)w + k(2k?I,5 + Hy) W, xy

+

k(2kJ,, + Hy)w,,, + (2k?0, + 3kHye + Fye) ¥y, + (2Kk2J,,

+

y=b
3kHy, + F3o) Wy, 43} b'l’yylo dx =0
(60)
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If the radius of curvature approaches infinity, the
equations of motion above reduce to those of a flat plate.
For symmetric laminates, the extensional stiffness matrix [B;;]
and the higher order stiffness matrices [Eﬁ], [Gﬁ], and [Iﬁ]
are zero. The resulting equations for u, and v, are then
completely decoupled from bending. The equations will only
contain extensional stiffness terms, A”, and spatial deriva-
tives of u,  and v,. Similarly, the equations for w, ¥ and Yy
will only contain bending and the remaining higher order
stiffness terms. For nonsymmetric flat plates, the equations
for u, and v, are independent of direct bending, but do contain
the coupling and higher order terms.

The equations of motion and boundary conditions will now
be used to solve for the natural frequencies and boundary
conditions for the cylindrical shell using the Galerkin

technique.
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Galerkin Technique

The classical Galerkin Technique is an approximate
technique commonly used to solve partial differential equa-

tions of motion of the form:

[ [ P,y 88 (x, ) dydx + [ BC1(L (%, 7)) 8L (%, ¥) |, dy
Xy y

‘ (61)
+ [ BC2(L(x,)) 8L(x,y) |, dx = 0

where {(x,y) represents the degree of freedom, F({(x,y)) is
the differential equation of motion, a function of {(x,y) and
its spatial derivatives, and BCl({(x,y)) and BC2({(x,y)) are
the associated boundary conditions, also functions of {(x,y)
(11:235-237; 27:163-165).

The assumed solution takes the form

M N
((x,y) =Y Y A0m(x.y) (62)

m=1 n=1

where A, are undetermined coefficients and ¢(x,y) are known
comparison functions. In this manner, the boundary values are
automatically satisfied, and no longer enter the problem. The
values of M and N chosen would depend on the degree of
accuracy required for the problem.

Following the assumption of a solution for {(x,y), the

variation of Eq (62) is taken with respect to the undetermined
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coefficient A, and the results substituted back into Eq (61).

The result will be M x N equations of the form

f f (DEOM(A, 1§, (X, y) + Ad,(x,y) + ... + A0, (x,y)) 84, dydx
x ¥y

(63)

Since the coefficients A are arbitrary, the only way for the
set of equations to be satisfied is that each integral
identically equal zero. The M x N integral equations can then
be solved simultaneously for the coefficients.

The Galerkin technique will now be applied to the
equaticns developed in this thesis. Since there are five

equations involved, five assumed solutions are required:.

M N
Y, (x,y) = E E ApVy mn (X, ¥)
m=1

n=1

M N

¥, (,5) =Y Y Bu¥ym(x,y)
m=1 n=1
M N
wix,y) =Y Y CoWan(x.¥)
m=1 n=1
N N _
U (X, ¥) =Y, Y Eplp(x,y)
m=1l n=1
M N _ (6‘)
v, (x,y) = E E Gy Vi (X V)
o=l n=]
where A_, B_, C,, E,, and G, are undetermined coefficients

and the "bar" terms are assumed solutions.
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Choosing comparison functions for a problem such as this
would be extremely difficult, as the natural boundary condi-
tions are very complicated. Therefore, admissible functions
are chosen instead. Admissible functions satisfy only the
geometric boundary conditions. This will require including
the boundary conditions in the Galerkin formulation, where the

use of comparison functions would allow them to be ignored.
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Boundary Conditions

This section will outline the selection of the admissible
functions. Three boundaries are considered, simply supported
on all edges, clamped on all edges, and a combination of
clamped and simple supports.

For the simply supported condition, the following

boundary conditions are specified:

"
o
€

"
o)

]
o

0 and x

at x

"
o
£

"
o |

L]
o

at y 0 and y

In addition, an S-2 type boundary as described in Jones
(9:244) is used here to describe the normal and tangential
displacements at the edges. Normal displacement is allowed,

while the tangential displacement is zero. Specifically,

]

at x = o and x = a u, * 0 and v, = 0

[
o8

at y = 0 and y u, = 0 and v, » 0.

-]

To meet these conditions, the following admissible

functions were chosen:
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M N
- mx, ., n
¥, (x,y) —mz_; g; Amcos(—g’—“‘)mn(—%}-’)
M N
¥,(x,y) =Y ¥ Bpsin(ZEX)cos (21X
m=1 n=1 a b
M N
wix,y) =Y ¥ cpsin(ZEX > )s:.n(mty)
m=1 n=1
P nny
u,(x,y) =:/_;1 ;; E’mcos(—g—)s in(=g%)
M N nny (65)
vo(x,) =Y Y Gpsin(FEX A X) cos (22X =)

]
]
ey
]
L]
[y

with the corresponding single terms associated with the
variations:
du,: cos(%—‘)sin(%’)

dv.: sin(E%X)cos (I
a b

(]

dw: sin(EXX)gin ()
a b

3y, : cos<£;i‘)sin(9}‘3l)

oy, : sin(ﬂa"-‘)cos(ggl) (66)
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In the above relations, the values of m and n govern the
number of terms in the Galerkin equatjons, while the values of
p and q govern the number of equatiomns.

The remaining work in actually deriving the Galerkin
equations was performed through the computerized symbolic
manipulation system MACSYMA (17; 26). Performing the remain-
ing calculations by hand would have been difficult and time
consuming. Appendix C contains a copy of the MACSYMA batch
file used to generate the equations.

The admissible functions and the single term expressions
for the variations of u, v, w, ¥, and !; are first substituted
into the five equations of motion. AtAthis point, ﬁz and Ré
are assumed equal to zero. MACSYMA then performed the integra-
tion over the double and single integrals representing the
equation of motion and corresponding edge conditions.

The results of each integration depend on the particular
value of m, n, p, and q. From the choice of trigonometric

admissible functions, the following integrals are known.

a 0 m=p
mmx PRXy gy -

fcos( = )cos ( P Yy dx a mep

0 2

2 o m=p

fsin(-”l"i‘)sin(ﬂ’-‘)dx= a _

A a a 5 m=p
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0 m=p

a
fsin(—n—m—x)cos(w)dx: 0 m+ p, (m+p) eve
a a 2am

0 _— m+p, (m+ p) odc
= (m? - p?) D D

Thus for the simply supported boundary, there are only

two cases which yield nonzero results upon integration:

Case (1): m=pandn-=gq

Case (2): m+* p, (m+ p) odd and n # q, (n + gq) odd

The set of Galerkin equations generated for Case (1) are
show below:

Equation (56) for u, becomes:

- Ap{(1(12%2B,,a°h? - 1672Ea’) g? + (12n%B,,ab?h?
- 16n2E,,ab?) p2)R? + (24n?F,.a® - 18n2D,,a’h?) g°R
+ (6n?Ega*h? - 8n2Gyca’) g?)/ (48abh?R?))
- Bpa{([(127%Bg + 12%%B,,) a®bh? + (-16n2E, -
- 16=®2E,,) a’b] pgR? + [(-6®2Dg¢ - 12%2D,,) a’bh?
+ (8n?F, + 16%*F,ab]l pgR) /(48abh?R?)}
- Cp {([(-3273E,, - 16%°E,,) a’pg? - 16%°E;,;b?p*] R?
+ [(32n3F, + 16%3F,,) a’pg? - 12xnA,,a%b*h?p]R
- 8n°G,,a’pg?)/ (48a2bh?R?)}
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- Eg{[(12n22,4a3h%q? + 12n%A,,ab%h?p?) R? - 12n%2B,a*h?g?R
+ 3n2Dsea’h?q?) / (48a®bh?R?)}
- Gp{[ (127244, + 12%%A,,) a’bh?pgR?

- 3n?Dg¢a’bhpq) / (48a°bh*R?)} =0
(67)

Equation (57) for v, becomes:

- Ap{([(127°Bs, + 12n2B,,) ab?h? + (-16n%E,, - 16n2E,,) ab?] pgR?
+ (8n%F,,ab® - 6n2D,,ab*h?)pgR + (872G,qab?
- 6m2Eab2h?) pg)/ (48ab2h?R?))
- Bpo{({ (12%2B,,a?bh? - 16%%E,,a%b) g + (12n2B, b>h?
- 16n%E,b?) p21 R? + [(16%2%F,,a%b - 127%D,,a%bh?) g*
+ (6m2Dgb*h? - BX2F,cb®) p?) R)/ (48ab2h?R?))
- Cap {{([(-32%°E, - 16%°E;,) b’p?g - 16n3E,,a%q>] R?
+ (16x°Fpa’q® - 12rA,,a°b*h?q) R + 813G, b?p?q)/ (48ab2h?R?))
- E,, {[1272A,, + 12%2A,,) ab2h?pgR? - 3n2D,,ab*h?pql / (48ab2h?R?)
= Gp, {[(12%%A4,,a%bh%g? + 12n2A,,b3h?p?) R? + 12n2By b3h?p?R

+

372Deb>h?p?] / (48ab?h?R?)}

~{abI;/4}w?B,, + {raqT)/4}w?C,,
(68)
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Equation (58) for w becomes:

Ay {[([(24m°Fq + 127°F),) @°b2h? + (-327°H,

16n3H,,) a’b?] p?g® + [(12n3F,ab*h? - 16%n3H, ab*)p*

+

(-9®mAga’b*h* + 72nDgsa’b*h? - 144nF,.a°b*) p?] g)R?

+

([(-36m3Gy, - 12%°G,,) a’b?h? + (48w3I,,

+

16n°I,,) a’b?] p3g® + (9nB,a%b*h* - 12nE,,a’b*h?) p2g)R

+

(12m°Hgqa’b?h? - 16m°J,a’b?) p?q)/ (36a°b>h*pgR?)}

+ Bay {([(127°F,;,a'bh? - 16m°Hy,a%b) pgt + ([ (24%°F,

+

12n3F,) a?b3h? + (-32m3H, - 1673H,,) a?b3] p?

+ (-9mAa‘bht + 72nD,a'b*h? - 144nF,a'b?) p)g?|R?

+

[(327°I,,a%b - 24%°G,a'bh?) pgt + ([ (-127°G,

12n3G,,) a?b3h? + (16n°I, + 16n%I,,)a?b?]p?

+

(9®Ba‘b*h! - 12nE,,a‘b*h?) p)g?|R + (12n°H,,abh?

16n3J,,a4b) pat + (12nF,,a‘bh?
- 9nD,,a*b3h*) pg?)/ (36a°b>h*pgR?)}

+ C

{((-16m*H;,apg® + [(-64n'H,, - 32n'H,,) a*b?p?

+

(-9m2A,,a*b%h* + 72n2D,,a*b%h? - 144=n%F,,a‘b?)plq?

+

[-16xn*H,,b*D5 + (-9®2A,.a2b%h® + 72n2D,.a%b*h?

144n?Fa’b*) p*)R? + (32nT,,apg® + [(64n‘I,,

+

32®'I,,) a’b?p? - 24n2E,a‘b%h?pl g* - 24n%E,,a’b*h?p3q)R

16w J,,a%pg® + (24n2F,,a%b2h?p - 16n4J,,a2b2p?) q°
- 9mA,a*b*h'pql/ (36a°b*h*pgR?)}

+ Ep {([(247°E,, + 127°E,,) a’b*h?p?q® + 12n°E,,ab*h?p*q] R?
+ [(-247°F,, - 12%°F),) a’b?h?p3g® + 9x%A,,a’b*h*p3q] )R
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. 61t3G“a3b2h2p2q3)/(36a3b3h‘qu2)}

+ Gp, {([12%°E,,a*bh?pg* + (24n3E, + 12n°E,,) a’b>h?pig?] R?
+ (9mA,a'b hépg? - 12n7F,,a*bh?pg?) R
- 6%3Ga2b>h?p3q?)/ (36a°bh*pgR?)} = {nbpI,/4}wA,,
+ (ragl,/4}w?B,, - {[1672(a%q® + b2p?) I,

+ 9a2b?h*1,]/ (36abh*) }w?C,, + {®?bp?/(4a) }N, Cp,
(69)

Equation (59) for ¥ becomes:

- A, {([(18n°Dga’h® - 48m2Fa’h? + 32n%Ha®) @2
+ (18®?D,,ab%h* -~ 48%%F,;ab’h?® + 32n%H,,ab?) p?
+ 18A,.a’b2h* - 144D, ,a’b’h? + 288F,,a3b?] R?
+ (-36%2E,a3h* + 96n2G,,a’h? - 64n2Ia) g?R +
+ (18%%F a3h* - 48n%Ha’h? + 32027 .a%) g%)/ (72a%bh*R?)}
~ By, {([(1872Dg + 18%2D,,) a?bh* + (-487n*F,, - 48n2F,,) a’bh?
+ (32n?H,, + 32%%H,,) a’b] pgR? + [(-18n%E,, - 18%n2E,,) a’bh*
+ (48n%G,, + 48%%G,,) a’bh® + (-32n2I,
- 32wn21,,) a®b]l pgr)/ (72a%bh*R?)}

~ Cpo {[(L(-487F, - 24n°F,,) a%h? + (64n°H,, + 32%°H,,) a%] pq?

+

(32n°H,,b? - 24n3F,,b?h?)p3 + (18nA,.a?b%h*-144nD;ca’b2h?

+

288x%F a’b?) p)R? + ([(72%3G,, + 2473G,) ath? + (-96n°T,,

32n°1,,) a’l pg? + (24%E ,a’b?h? - 18nB,,a’b%h*) p)R

+

(3213J¢ea® - 24n’H a’h?) pg?]/ (12abh*R?)}
- Epy {([(18%2B,,a*h® - 24%%E  ah?) gq? + 18%n?B,,ab%h*
- 24xn%E,,ab%h?) p?1 R? + (36®%Fg,a3h? - 27w2D,,a*h*) g°R

+ (9n2Ea’h® - 12x%Ggga*h?) g?)/ (72abh*r?)}
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- G {([(18n2B,, + 18n%B,,) a’bh* + (-247n%E,
- 24n2E,,) a’bh?] pgrR? + (12n%Fs,a2bh® - 9w2Dsca’bh®) pgR
+ (12n%G,qa®bh? - 9n2E,,a’bh*) pq)/ (72a?bh*R?)} = 0

(70)

Equation (60) for ‘l’y becomes:

- Ay, {([ (187D, + 18n2D;,) ab%h® + (-48n°Fg, - 48n%F,,) ab?h?
+ (32n%H,, + 32n°H,,) ab?] pgR? + [(-18n°E,, - 18xn%E,,) ab’h*
+ (48®2G,, + 48n3%G,,) ab%h?® + (-32%n%Ig
- 32n?I,,) ab?1 pgR)/ (72ab%h‘r?)}
- By, {({(18n2D,,a%bh* - 48n%F,,a’bh? + 32nH,,a%b) q*
+ (18%2D;sbh* - 48n2F, b3h?% + 32n2Hb3) p? + 18A,,a°b3h*
- 144D,,a%b3h? + 288F, ,a*b*1R? + (-36=n%E,,a2bh*
+ 96 ®2G,,a’bh? - 64n?I,,a%b) g’R + (18n%F,,a%bh*
- 48n%H,a’bh? + 321%J,,a%b) g?)/ (72ab?h*Rr?)}

- Com {([(321:3322a2 - 241:3F22a2h2)q3 + ([(-481:317'“ - 241!3F12)b2h2

+ (64m3H, + 36%3H,,) b?]p? + 18nA,,a’b’h® - 144nD,,a’b?h?
+ 288nF,,a’b%)q|R? + [(48713G,a%h? - 64n31,,a%) g + ([(24%3Gg
+ 24%3G,,) b%h?* + (-32%3I - 32n31,,) bl p? - 18nB,,a’b2h*
+ 24mE,,a’b%h?)qglR + (327J,,a% - 24n’H,a%h?) @°
+ (18nD,,a’b%h* - 24nF,,a’b?h?) q)/ (72ab*h*R?)}
- Ep, {([(18%%Bss + 18%2B,,) ab?h* - (24m2E, + 24n2E,,) ab?h?] pgR?

+ [(-9®?D,, - 18x%2D,,) ab?h* + (12®%F,,
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41

+ 247m2F,,) ab*h?] pgR)/ (72ab*h*R?)}

- Gpp {([(18n2B,,a2bh* - 24=%2E,,a’bh?)g? + (18%2B,b>h*
- 24n2E, b3h?)p?] R? + [(24n2F,,a?bh? - 18%2D,,abh*) >

+ (9M2Dy b h® - 12W3F,b°h?) p2] R)/ (12ab2h*R?)} = 0
(71)

The Galerkin equations for Case (2) are as follows.

Equation (56) for u, becomes:

Ap, {[(24mBgab®h? - 32nE,;ab?) m’npR? + 24nF, ab?

- 18nD,,ab?h?) m?ngR) /3rab2h?R?(p? - m?) (g2 - n?)}

+

By, {([(12nB,,a°bh? - 16nE,;a’b)mn? + (12%B,;b3h?
- 16nE,b3)m 1 gR? + (24nF,a’b - 18nD,;a’bh?) mn’qR

+ (6mE,qa’bh® - 8nG,sa’b) mng)/3wab*h?R?(p? - m?) (g% - n?)}

+

Con {{((-16m2E,ca’mn® - 48n%E,b?m®n) qR? + [247%?F,ca’mn?
+ (24n%F; b?m*® - 124,,a%b%h?m) n] gR + (6B,,a%b*h%mn
- 8n2G,ea?mn’) g)/3nabh?R? (p? - m?) (q? - n?)}

+

Ep, {(24%A,;m?ngR? - 12nB,,m?ngR) /3%R?(p? - m?) (g2 - n?)}

+

G,, {[(12nA, a’bh’mn? + 1214, b*h%m®)gR? + (6nB, . b*hZm?
mn 6 16 16

- 6mB,,a’bh?mn?) gr] /3nab?h?R?(p? - m?) (gq* -~ n?)} = 0

(72)
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Equation (57) for v, becomes

Ay, {([(12wB,ga°h? - 16mE,;a®)n® + (12nBcab2h?
- 16nE,,ab?)m?n] prR? + [(16nF,a’ - 12nD,;a’*h?)n?
+ (6nD,;ab%h? - 8nF,,ab?)m?n] pR)/3na?bh?R?(p? - m?) (g% - n?)
+ Bpy {[(247B,,a%bh? - 32nE,;a’b) mn®pR? + (8mF,a’b
- 6nD,,a’bh?) mn?pR + (8nG,sa’b
- 6RE,;a’bh?)mn?p] /3ra?bh?R?(p? - m?) (g2 - n?)}
+ Cpq {((-48n2E,ga’mn® - 16n2E, b?m>n) pR? + [24n?F,ia’mn’
+ (-8n2F,b%m*® - 124,,a’b%hZm)n)pR + (8n%G,sa’mn?
- 6B,,a’b*h?mn) p)/3xa?bh?R?(p? - m?) (g - n?))
+ Epp {[(127A,,a°h%n> + 1274, ,ab?h?m?n) pR? + (6mB;cab’h?m?n
- 6mB,,ah?n®) pR] /3na%bh®R?(p? - m?) (g - n?))

+ Gpn { [ (8A,0bR? + 4B,bR) mn®p] /h?R?(p? - m?) (g% - n®)} = 0

(73)
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Equation (58) for w becomes:

- A,, {[({48%2F,cah? - 64n’Hya’)n® + [(144n?F,cab%h?
- 192n%H,,ab?) m? - 36A,.ab%h* + 288D,.a*b%h?
- 576F,;a’b?1 n)pgR* + ((128n2I,.a° - 96n%G,ca*h?)n?
+ [(128n%I,,ab? - 967%G,;ab®h?)m?® + 36B,,a’b%h*
- 48E,;a’b*h?I n)pgR + [(48n%Hga*h? - 64n?J,.a’) n’
+ (48F,,a’b*h? - 36D,,a*b*h*) n]l pq]/9na’b*h*R?(p?
- m?) (g% - n%)}
- Bp, {([ (14472F,a2bh? - 192n2H,ca’b)mn? + (48%2F; b>h?
- 64x2H, b*)m® + (-36A,,a2b>h* + 288D,;a%b>h?
- 576 F,sa%b?)mpgR? + [(256%2I,,a%b - 1927n%G,,a%bh?] mn*?
+ (36B,sa’b3h* - 48E,;a’b3h*)mlpgR + (48n%H,;a*bh?
- 64n2J,,a%b) mn?pq)/9na’b?h*R?(p? - m?) (g% - n?)}
~ Cumn {[({(-72RA,;a%b2h* + 576%D;a’b%h? - 11528 F;a’b?)m
~ 256%°H,;b?m*]1 n - 256N H,ca’mn®)pgR? + [384xn°I,;a’mn’
+ (128n°I,,b%m*® - 192nE,;a’b?h?m)n] pgR + (96 F,ca®b2h?mn
~ 12811:-"J26a2mn3)pq]/9‘tta2bzl'z‘Rz(p2 - m?) (g% - n?)}
~ Ep, {((4872E,qa’h?n® + 144n%E,,ab®h?m®n) pgR? + [(36A4,ca°b%h*
- 72n2F,,ab?h?m?)n - 72n%F,ah?n3)pgR + (24n%G,.a’*h?n?®
-~ 18B,,a*b%h*n) pg)/9na?b2h*R?(p? - m?) (g - n?)}
~ Gp, { [(144%2E,;a?bh?mn? + 48%2E;(b>h?m?) pgR? + (24n?Fy¢b>h%m’
+ 36A,,a%b’>h*m - 72%%F,;a’bh’mn?) pgR + (18B,,a’b’h'm

- 24n%G,,a’bh?mn?) pq) /9na?b?hiR?(p? - m?) (g? - n?)} =0
(74)
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Equation (59) for ¥, becomes:

Ay, {[(72%2D gab?h* - 192n%F,cab?h? + 128n%H,,ab?) m*ngRr?
+ (-72n2E,;,ab%h% + 192n2%G,,ab?h?
- 128n2I,,ab?) m?ngR] /9n2ab2h*R? (p? - m?) (g - n?)}
+ Bap {([(36n?Dya®bh® - 96n2F,ca’bh? + 64n’H,ga?b) mn®
+ (36n2D,(b3h® - 96n2F, b*h? + 64n?H,b?*)m* + (36A,;a°b>h*
- 288D,,a?b3h? + 576F,;a%*b®)m) grR? + (-72n%E,;a’bh*
+ 192%2%G,;a%bh? - 128n2I,,a*b)mn?gR + (36n%F,;a%bh*
- 96n2H,ga2bh? + 64n°J,.a’b) mn?q)/9n2ab?h*R?(p?
+ Cpp {[((64mH,ga? - 4873F,ca’h®)mn® + [(192n°H,b?

mn

144w3F,b2h?)m® + (36®Aa’b*h* - 288nD,,a’b?h?

+

576nF,;a’b?) ml n)gR? + ((96n3G,,a*h? - 128n3I,;a?)mn’

+

[(96®°G, . b2h? - 128%3I,.b?)m? + (48nE, . a’b?h?
16 16 26

36nB,,a’b*h*)mln)gr + [(64n3Jca? - 48n°H,a%h?)mn?

+ (36mD,a’b%h* - 48nF,,a’b*h?)mn] q]/9n?abh*R? (p?

m?) (g% - n?)}

+ En, {[(72n%B,ab%h* - 96%2E,;ab%h?) m*ngR? + (72%%F,¢ab®h?
- 54n?D,ab%h*) m*ngR) /9r2ab?h*R? (p? - m?) (g% - n?))

+ G, {([(36n2B,ca?bh* - 48n2E,;a’bh?)mn? + (36n2B,(b>h*
-48n2E, . b3h?)m*) gR? + [(48%%F,,a’bh? - 36n2D,,a’bh?)mn-
+ (18%2D,(b3h* - 24n%F,;(b3h?)m*] gR)/9n?ab?h*R? (p?

- mZ) (q2 - HZ)} - 0
(75)
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Equation (60) for ‘l’y becomes

Ay, {[((36n%D,qah* ~ 96n%F,ca’h? + 64n?H,a’) n®+ [(36n2D;ab?h*

96n%F,;ab%h? + 64n?H,;ab?)m? + 36A,.a°b?h* - 288D,;a*b?h?

+

576 F;sa*b?] n)pR? + (-72n2E,;a*h* + 1927n%G,ca*h?

128% . ,ca’)n’pR + (36n?F,.a*h® ~ 96n2H,.a3h?

+

64n2H,ca*) np]/9n?a’bh‘R? (p? - m?) (¢* - n?)}

+ By, {[(72n2D,ga%bh* - 192n%F,;a®bh? + 128n%H,;a’b) mn*pR?
+ (-72%%E,,a’bh* + 192n%G,qa’bh?
- 128x%%I,;a’b) mn?pR] /9n?a’bh*R?(p? - m?) (g? - n?)}

+ C, {[((2927°Hyga? - 144n°Fya’h?)mn’ + [(64n3H, b2

48n3F,b2h?)m® + (36mA, a’b%h® - 288nD,;a’b?h?

+

576 % F,sa’b?) ml n)pR? + [(192n3G,,a’h? - 256w>I,ca?)mn®

+

(48nE,;a’b2h? - 36nB,,a’b*h*)mn]pR + (64nJ,.a?

481\:3H26a2112)mn’p]/Q‘n:z’a2b}14R"’(p2 - m?) (g? - n?)}
+ E,, {([(36n2B,ca*h* - 48n2E,;a*h?)n® + (36n%B,;ab%h*
- 48n2E, .ab*h?) m*nl pR? + (72%%F,sa®* - 54n2D,cah*) n°pR
+ (18m2E,qa’h* - 24n%G,a’h?) n’p)/9n2abh*R? (p?
- m?) (g*> - n?®} =0
+ Gy, {[(727%B,ga*bh* - Y6n2E,;a’bh?) mn®pR* + (24n%F,;a’bh?
- 18n2D,,a’bh*) mn?pR + (24%%G,qa*bh?

- 18n2E,(a’bh*) mn®p] /9n%a’bh*R?*(p? - m?®) (g% - n?)} =0

(76)
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The Galerkin equations for the clamped boundary condition
were derived in the same method as for the simply supported.
Admissible functions were required to meet the following

boundary conditions for clamped edges on all four sides.

¥, =¥ =0

¥, =% =0

at x 0 and x

[
o
£

I

]
o
£

"

at y 0 and y

Similarly to the simple supported case, the boundaries are

given a C-2 type clamped boundary (9:244):

at x 0 and x

"
o

u, * 0 and v, = 0

"
o

at y 0 and y u, = 0 and v, = 0

[}

The following admissible functions were chosen:

M N

v (x,y) =Y ¥ a,cos(fEX)sin(EX)
m=1 n=1 a b
M N

¥,(x,y) =Y ¥ Bysin(fEX)cos (£2Y)
mi n=1 a b
M N

wix,y) =Y ¥ cpsin(EE)sin(£X)
m1 n=1 a b
M N

u(x,y) =Y ¥ Epcos(FEX)sin(EY)
=1 ne1 a b
< T mx nmw (77)

voix,y) =Y ¥ G,,,,,sm(—a—)cos(—xb )

1
vy
-]
L]
[y
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with the corresponding single terms associated with the

variations:

du,: cos(£EX)sin (LX)
a b

3v,: sin(E£EX)cos (LX)
a b

dw: sin(E%X)sin(LY)
a b

. PRX\y o4 any
8¥,: cos( 2 )sin( B )

oy, : sin(ﬁ"gf-‘)cos(i’g_’) (78)
Again, the values of the indices m and n determine the number
of terms in each equation, and p and q determine the number of
equations.

The procedure for generating the Galerkin equations is
identical to that outlined in the previous section. However,
resulting from the different admissible functions chosen, four

nonzero cases result from the integration:

Case (1): m=pand n = ¢q

Case (2): m=pandn +* g, (n + q) odd
Case (3): m =+ p, (m + p) odd and n = q

Case (4): m =+ p, (m + p) odd and n * q, (n + q) odd

Each of the above cases results in a set of Galerkin
equations similar to those presented previously for the simply

supported boundary condition. They have the same type of form
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and contain similar terms. These are not included in this
section for brevity, however for further detail, they are
included in Appendix D.

The final boundary condition is that of a combination
simple-clamped. Specifically, the curved edges of the panel,
along y = 0 and b were clamped, and the straight edges, along
x = 0 and a, were simply supported. This condition is similar
to that described by Bowlus and Reams, though they looked at
flat plates (2; 18). The boundary conditions to be satisfied

are as follows;

¥, =¥ =0

0 and ¥, = 0

0 and x

at x

f
o
£

i

"
o
£

"

at y 0 and y

Again, S-2 and C-2 type boundaries are assumed, so that

the displacement are described as follows:

0 and x

at x 0

"
o

u, * 0 and v,

[
o

at y 0 and y u, =0 and v, * 0

[+]
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The admissible functions chosen are

M N

- mRX, . . 0On

¥, (x,¥) -’Z; Z_:l Amcos(——g—)mn(—-bz)

= v mrx nny
¥, (x,¥) =’; nz; Bp,Sin(2=) cos (%)

M N
wix,y) =Y Y Cpsin(FEX)sin (88

m1 n=1 a b

M N
u,(x,y) =Y E, cos (T2X)gin (2Y)

m=1 =1 a b

<A mnx nny (79)
vo(x, ) =Y ¥} GppS1in (=) cos (=)

E ]
N
fury
y
L]
ey

with the corresponding single terms associated with the

variations

du_:

o

cos (X)) gin (LY
a b

dv:

o"*

sin (£2%) cos (L)
a b
dw: sin(£%X)sin (LX)
a b
X .
oy,: cos(Eg—)51n(3%X)
. i o ( PRX any
¢,: sin( 3 ) cos ( B ) (80)
Like the clamped condition, integration for the Galerkin

equations results in four nonzero cases. Again, the resulting

equations are included in Appendix D.

63




The Galerkin equations are now assembled into an eigenva-
lue problem, to be solved for the critical buckling loads and

natural frequencies.
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Computer Code

The computer program used to solve for the buckling loads
and natural frequencies was based on programs by Linneman and
Reams (10; 18). One program was written for each boundary
condition, basically identical except for the Galerkin
equations used. Appendix B contains a listing of the FORTRAN
code and the corresponding Galerkin equations for each
boundary condition. Each program is divided into three
sections, the main program and two subroutines.

The main program reads as input the following data
describing the laminate properties and configuration.

1) an integer flag: "1" indicates a vibration problem,
“2" indicates a buckling problem.

2) a, the length of the panel in the x direction

3) b, the length in the y direction

4) R, the radius of curvature

5) h, the laminate thickness

6) NPLYS, the number of plies in the ninate

7) 6, orientation angle of each ply

8) E,, Young’'s modulus in the 1 direction

9) E,, Young’'s modulus in the 2 direction

10) G,,, the shear modulus in the 1-2 plane

11) vy, Poisson’s ratio

12) p, the mass density
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13) M = N, the maximum number of terms in each admissible
function

All variables and arrays are declared double precision,
and workspace is allocated for the eigenvalue calculatiomns.
The program as written can handle M and N values up to 10.
Higher values would require much higher run times, and would
be impractical for the computer facilities available for this
work. For M = N = 10, there are 100 terms in each admissible
function, resulting in 500 x 500 matrices for the eigenvalue
problem.

The main program also calculates v,, G,;, and G, using

the following relationships

Va1 < V12—53
1

G, = Gy,

G,, = 0.8 G,

It then calls the first subroutine, called "LAMINAT", which
uses the above data to calculate the extensional, coupling,
and bending, and higher order stiffness matrices defined by
Eq (34). It follows the procedure outlined in Section II,
first calculating the reduced stiffness terms [Qy5] described
by (26). It then applies the transformation relations, Eq
(31), to find the transformed reduced stiffness terms, [aﬁ],

for each ply. These terms are summed over the thickness of
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the laminate, and using the definitions given by Eqs (34), the
extensional, bending, coupling, and higher order stiffness
terms are calculated. These values are then returned to the
main program, where the second subroutine is called.

The subroutine, called GALERK, sets up the eigenvalue
problem. It loops through the values of m, n, p, and q, and
generates the appropriate Galerkin equations, based on the
applicable integration case as outlined in the previous
chapter. The results obtained for each loop are then compiled

into matrix form, represented below:

A, A o)

an an

Stiffness led o2, ) Mass/Inert:ia] le |
terms mn £ terms ma
mn 'Emn

G, Gan)

Both the stiffness and mass/inertia matrices are (5*M*N)
by (5*M*N). The terms w? and §1 are the eigenvalues. The
integer flag specified at the beginning of the program
determines which is solved for. The mass/inertia matrix will
contain those terms associated with whichever term is sought.
The column vector is the eigenvector.

Appendix B contains the GALERK subroutines for each of

the boundary conditions investigated.
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The stiffness and mass,inertia matrices are then submit-
ted to the IMSL subroutine DRVCRG, which solves for the
eigenvalues and eigenvectors (8).

The remaining portion of the program also calculates and
prints the deflections along the midlines of the laminate,
thus giving the mode shape. Though not a focus of this
thesis, this feature is a useful tool for future investiga-

tions.
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III. Discussion of Results

Laminated Cylindrical Shell Properties. The material
used for the cylindrical composite shell studied here is

graphite/epoxy (AS/3501), which has the following material

properties:

E, = 2.10E+07 psi

E

N 1.40E+06 psi

G,, = 6.00E+05 psi

p = 1.42454E-04 slugs/in3

For each of the three boundary conditions, symmetric and
antisymmetric ply lay-ups were investigated. These included
sequences of [0/90], [+45/-45], and [0/+45/-45/90]. The
symmetric lay-ups will be designated by a subscript s, and the
antisymmetric by subscript as. For example, a symmetric lay-
up of {0/45/-45/90/90/-45/45/0] would be referred to simply as
[0/45/-45/90],. The corresponding stiffness terms are

presented in Tables 1 through 5.

69




Table 1.

Stiffness Elements for [0/90], Laminate

I Extensional Elements (lb/in) I

= 11267605.634 | A, = 422535,211 A,, = 11267605.634
= 0.000 |A, = 0.000 A, = 600000.000
= 540000.000 = 0.000 A,. = 540000.000

Elements (lb:in/in)

0.000
0.000

Bending Elements (1lb-‘in)

D,y = 1555164.319 D, = 35211.268 D,, = 322769.953
Dy = 0.000 Dy = 0.000 Dy = 50000.000
D, = 42150.000 D, = 0.000 D, = 48750.000
Higher Order Elements
(1b-in®%), (1b-in®), (1b-in*), (1b-in®), (1lb-in®), (1lb-in") i
|

E, = 0.000 E,, = 0.000 E,, = 0.000

E,, = 0.000 E, = 0.000 E, = 0.000

F,, = 256382.042 F,, = 5281.690 F,, = 25308.099
Fig = 0.000 Fpg = 0.000 Fgo = 7500.000
F, = 6046.875 F,. = 0.000 F.. = 7453.125
Gy, = 0.000 G, = 0.000 G,, = 0.000

G,, = 0.000 G,, = 0.000 G, = 0.000

H,, = 46814.088 H,, = 943.159 H,, = 3487.723
H,, = 0.000 H,, = 0.000 H, = 1339.286
I,, = 0.000 I,, = 0.000 I,, = 0.000

I,, = 0.000 I, = 0.000 I, = 0.000

Jy = 9152.886 J,, = 183.392 J,, = 628.022
Jye = 0.000 Jpe = 0.000 Jge = 260.417
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Table 2. Stiffness Elements for the [145], Laminate

| Extensional Elements (lb/in) |

6445070.414 5245070.423 6445070.431
0.000 A 0.000 5422535.211
540000.000 0.000 540000.000

Elements (lb-in/in) l

0.000
0.000
D,, = 537089.201 D,, = 437089.202 D,, = 537089.203
D,s = 308098.591 Dy, = 308098.591 Dy, = 451877.934
D, = 45000.000 D, = -3750.000 D, = 45000.000
Higher Order Elements
(1b- in?), (1b-in%), (1lb-in®), (1lb-in®), (1b-in®), (1lb-in)
|

E,, = 0.000 E,, = 0.000 E,, = 0.000

E,, = 0.000 E, = 0.000 E, = 0.000

F,, = 80563.380 F,, = 65563.380 F,, = 80563.380
F., = 57768.486 F,, = 57768.486 F = 67781.690
F, = 6750.000 F,. = -703.125 F. = 6750.000
G,, = 0.000 G,, = 0.000 G,, = 0.000

G,, = 0.000 G,, = 0.000 G, = 0.000

H,, = 14386.318 Hy, = 11707.746 H,, = 14386.318
H,, = 10831.591 H, = 10831.591 H, = 12103.873
I,, = 0.000 I,, = 0.000 I,, = 0.000

I,, = 0.000 I,, = 0.000 I, = 0.000

Jyq = 2797.340 J,, = 2276.506 J,, = 2797.340

J,, = 2131.216 Jp = 2131.216 Jg = 2353.531
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Table 3. Stiffness Elements for the [0/:45/90], Laminate

l Extensional Elements (lb/in) ]
|

8856338.024 = 2833802.817 885938.033
0.000 Ay = 0.000 A, = 5422535.211
540000.000 = 0.000 540000.000

0.000
0.000

= 1237852.112 = 198474.178 = 313556.338
= 77024.648 Dy = 77024.648 Dg = 213262.911
Higher Order Elements
(1b- in?), (1b-in®), (1b-in*), (lb-in®), (1b-in®), (1lb-in")
E,, = 0.000 E,, = 0.000 E,, = 0.000
E,, = 0.000 E,, = 0.000 E, = 0.000
F11 = 220472.601 F12 = 19527.949 Fu = 32725.022
F% = 10831.591 F‘z6 = 10831.591 F66 = 21746.259
F, = 6178.711 F,. = -131.836 Fe. = 7321.289
Gy, = 0.000 G,, = 0.000 G, = 0.000
Gy, = 0.000 G, = 0.000 G, = 0.000
H11 = 42782.7717 H12 = 2379.401 H& = 4646.550
H, = 1297.534 H, = 1297.534 H, = 2775.528
I,, = 0.000 I,, = 0.000 I,, = 0.000
I,, = 0.000 I,, = 0.000 I, = 0.000
Jy, = 8691.133 J,, = 340.545 J,, = 775.469
Jﬂ = 152.300 Jﬂ = 152.300 JH = 417.570

72




Table_g.

Stiffness Elements for [0/90], Laminate

11267605.634
0.000
540000.000

Extensional Elements (lb/in)

422535.211
0.000
0.000

—

11267605.634
600000.000
540000.000

-1232394.366
0.000

0.000
0.000

1232394.366
0.000

| Bending Elements (1lb-in)

D,, = 938967.136 D,, = 35211.268 D,, = 938967.136
Dy = 0.000 Dy = 0.000 De, = 50000.000
D, = 45000.000 D, = 0.000 D, = 45000.000
Higher Order Elements
. (1b-in%), (1b-in®), (1b-in%), (1b-in’), (1b-in®), (1b-in’)
E,, = -269586.268 E,, = 0.000 E,, = 269586.268
E, = 0.000 E,, = 0.000 E, = 0.000
F,, = 140845.070 F,, = 5281.690 F,, = 140845.070
Fig = 0.000 Foe = 0.000 Fg = 7500.000
F, = 6750.000 F,, = 0.000 F.. = 6750.000
Gy, = -49745.085 G, = 0.000 G,, = 49745.085
G, = 0.000 G, = 0.000 Gy = 0.000
Hy,, = 25150.905 Hy, = 943.159 H,, = 25150.905
H, = 0.000 H, = 0.000 H, = 1339.286
I,, = -9552.662 I,, = 0.000 I,, = 9552.862
I,, = 0.000 I, = 0.000 I, = 0.000
Jyy = 4890.454 J,, = 183.392 J,, = 4890.454
L3 = 0.000 Jpe = 0.000 |3 = 260.417
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Table 5.

Stiffness Elements for the [#45], Laminate

—

| Extensional Elements (lb/in) I

= 6445070.414 A, = 5245070.423 A,, = 6445070.431
= 0.000 A, = 0.000 A, = 5422535.211
= 540000.000 = 0.000 A = 540000.000

Elements (1lb-in/in)

" = 0.000 = 0.000 = 0.000
B,, = -616197.183 B, = -616197.184 B, = 0.000

| Bending Elements (lb-‘in) l
Dyy = 537089.201 Dy, = 437089.202 D,, = 537089.203
Dy = 0.000 Dy = 0.000 Des = 451877.934

| D, = 45000.000 D, = 0.000 De. = 45000.000

Higher Order Elements

. (1b- in®), (1b-in3), (1b-in%), (lb-in®), (1lb-in®), (1b-in’) i
Epq = 0.000 E,, = 0.000 E,, = 0.000
E, = -134793.134 E, = -134793.134 E, = 0.000
F,, = 80563.380 F,, = 65563.380 F,, = 80563.380
Fig = 0.000 Fog = 0.000 Fo, = 67781.690
F, = 6750.000 F,, = 0.000 F.. = 6750.000
Gy = 0.000 Gy, = 0.000 G, = 0.000
G,, = -24872.543 G,, = -24872.543 Gy = 0.000
H,, = 14386.318 H,, = 11707.746 H,, = 14386.318
Hy = 0.000 | H = 0.000 Hy, = 12103.873
I, = 0.000 I, = 0.000 I,, = 0.000

l 1., = -4776.431 I,, = -4776.431 I, = 0.000

" Jy, = 2797.340 J,, = 2276.506 I, = 2797.340
J., = 0.000 Jgg = 0.000 Jgé = 2353.531

The stiffness elements associated with the [0/90],

laminate are characterized by large extensional stiffnesses in

the 1 and 2 directions, as all the fibers are oriented along

one or the other direction.

The extensional terms Ay and A,
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are zero, as this is a balanced laminate. This is true for
all the laminates investigated. Additionally, the bending
terms D, , Dy, and D,; are all zero. D,, and D,, are terms
representing twist coupling. These terms are generally
present for other ply orientationmns.

The stiffness terms associated with the [0/90], differ
from those associated with the [0/90], ply layup with the
addition of terms such as B,, and B,,, E,, and E,,, G, and G,,,
and I,, and I,,. The B;, and B,, stiffnesses indicate bending-
extension coupling is present. (The other terms are higher
order and do not have a true physical representation.) Due to
this coupling, the vibration frequencies and buckling loads
are expected to be lower for the nonsymmetric case than for
the symmetric case (9; 28).

The stiffness terms for the [t45], differ from the {0/90]
layups primarily in several ways. First, they contain the

twist coupling terms D,, and D,. As Jones describes, the

presence of these terms makes a closed form solution impossi-
ble, as the governing equations are not separable (9:263).
Thus the presence of these terms may cause slower convergence.
Additionally, the stiffness terms in the 1 and 2 directions of
the fibers are generally smaller than for the [0/90}, lami-
nate, as the 45 degree fibers provide less stiffness in these

directions.
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Finally the [0/+45/90] laminates also have a complete Dy;
stiffness matrix, due to the presence of the 45 degree plies.
The magnitudes of the extensional stiffness terms are in
between the values for the [0/90], and the [$45]  laminates.
Thus one might expect its behavior in buckling and vibration

to also fall between these two cases.
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Simply Supported Boundary Condition.

In first analyzing the results of this investigation, it
is important to look at the convergence of the eigenvalues as
more terms are included in the assumed solutions. As the
Galerkin technique involves approximate solutions for the
displacements, generally the natural boundary conditions for
the panel will not be satisfied. Therefore, an exact solution
cannot be found using this technique. A well chosen displace-
ment field will tend to converge quickly, while a poor choice
will converge slowly, if at all. Of course, absolute conver-
gence cannot be proven, since an infinite number of terms
would be required. Therefore, the rate of convergence is a
good indication of the suitability of the assumed solutions.

This concept is ideally represented by the first
boundary condition: simply supported on all edges. The
solutions for the buckling loads and natural frequencies for
the [0/90), laminate are found to converge immediately at M =
N = 2. The assumed solutions for this case correspond to an
exact solution.

Figures 4 and 5 show the effect of curvature h/R on the
buckling loads and frequencies. As pointed out in Chapter 1II,
as the radius approaches zero, for a symmetric laminate, the
nmembrane equations of motion for u, and v, are decoupled from

bending. As the curvature increases, the membrane and bending
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stiffnesses are coupled through the shell equations, Egs (56)
through (60). The panel becomes deeper and stiffer, and the
buckling loads and frequencies increase.

The panels investigated in this section are all square,
a=b=1. The curvature is varied from h/R = 0 for a flat
plate to h/R = 1/20. The ratio of the circumferential length
to the thickness (b/R = a/R) is varied from 10 to 40.

Several important trends are identified. As expected,
the buckling loads and frequencies are seen to increase as h/R
is increased due to the membrane and bending coupling.
Additionally, the effect of increasing the span to thickness
ratio, b/h, is seen to lower the 1loads and frequencies.
However, a major difference is evident. For the buckling
problem, the effect of increasing the curvature for large
spans, (effectively a thin shell) is quite pronounced. For a
b/h value of 40, the buckling load for a thickness to radius
of 1/20 is much greater than that for a flat plate of the same
dimensions. The effect on the frequencies is comparatively
slight. It would seem that for a deep shell, the effects of
increasing the span have a large effect on the critical
buckling load. It does not seem to have a significant effect
on the vibration problem. Note that there is some behavior
evident in Figure 4 of some values not following these trends.

These values are circled, and assumed incorrect.
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Figure 5. Curvature Effects for Natural Frequencies,
Simply Supported Boundary, [0/90],

Compared to the [0/90],, the [145]), laminate does not

converge immediately, however it does indicate excellent




convergence characteristics. Figures 6 and 7 show some
typical results for both buckling loads and frequencies.
Table 6 contains the corresponding numerical results. It
demonstrates how the solutions decrease by smaller and smaller
amounts with a corresponding increase M and N. It also
indicates that the natural frequencies tend to converge more
quickly than the buckling loads, thus requiring fewer terms in

the assumed solution for convergence than a buckling problem.
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Figure 6. Convergence Characteristics for Critical
Buckling Load, Simply Supported Boundary,
[t45],, a=b=20, h/R=1/20
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Table 6. Convergence of Critical Buckling Load (lb/in) and
Natural Frequency (rad/sec) for [t45],, Simply
Supported (R = 50.0 in, h = 1.0 in, a = b = 20.0 in)

M =N N % Decrease o % Decrease
2 106146.82 - 4639.26 -
4 95149.61 -1.036 4613.39 -0.56
6 94220.03 -0.98 4604.94 -0.19
” 8 93851.67 -0.39 4600.49 -0.10
ﬂ 10 93633.94 -0.23 4597.52 -0.06




The same type of convergence behaviors indicated above
holds for all of the simply supported [$45], laminates.

Figures 8 and 9 show the same effects of curvature on the
buckling loads and frequencies for the [$45]  laminate as for
the [0/90], laminate. The loads and frequencies decrease with
increasing span. Deeper panels are less affected than shallow
shells or flat plates, and the frequencies are less affected

than the buckling loads.
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Figure 8. Curvature Effects for Critical Buckling Loads,
Simply Supported Boundary, [$45],

Up to this point, these results are not new. Linneman
(10) examined symmetrical laminates using the same higher
order shear theory applied herein. Validation of the results

from this analysis was obtained from comparison to his
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Figure 9. Curvature Effects for Natural Frequencies,

Simply Supported Boundary, [#45],
results. As part of his thesis, he made comparisons for the
[0/90], laminate with other theories. It is not the intent
herein to duplicate his results, therefore a short summary of
his important conclusions will be presented only to support
the results presented in this work.

Reddy and Lui applied the Donnell theory, including
parabolic transverse shear, to laminated circular cylindrical
shell panels (21). They found an exact solution for simply
supported boundary conditions, limited to [0/90], laminates.
Linneman showed that for large h/r values, (approaching a flat
plate), the two methods compared very well. This is due to
the fact that as h/r increases, the higher order terms in
Sander’s equations approach zero, reducing to Donnell’s

equations (4).
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Comparisons -to Jones’ closed form solutions using
Classical thin plate theory and to solutions from Bowlus and
Palardy implementing Mindlin plate theory were also made (2;
9; 15). Classical theory, also known as the Kirchhoff-Love
theory, assumes no transverse shear. This type of model
produces a plate that is too stiff, and the buckling loads and
frequencies resulting from this approach are too high. The
Mindlin model uses a linear shear distribution. The parabolic
shear distribution assumed in this work should produce lower
frequencies than both of these theories. Linneman’s compari-
sons verified that the parabolic results were indeed lower for
both cases. The Mindlin solutions were very close for the
[0/90], simply supported boundary, due to the fact than an
exact solution exists. For large a/h ratios of 40 to 50, the
results approached the classical solution asymptotically.
Linneman also looked at [#45], laminates with both simply
supported and clamped boundaries. Again, the parabolic model
produced lower frequencies. The results showed greater
differences between the theories for the clamped results, as
one would expect from the more complicated boundary.

To reiterate once more, Linneman performed these compari-
sons in his thesis, and they are included here only for the
sake of completeness and to validate the results for the
symmetric cases presented here. Anyone wishing further

information is encouraged to review his work.
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The intent of this thesis is to broaden the scope of his
research and apply the theory to the additional cases de-
scribed earlier: an additional layup of [0/%45/90] plies, the
clamped-simple boundary condition, and non-symmetric lami-
nates.

Results for the [0/t45/90], laminates with simply
supported boundaries also exhibited excellent convergence
characteristics. Figures 10 and 11 show some typical results

for both buckling loads and frequencies.
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Figure 10. Convergence Characteristics for Critical
Buckling Load, Simply Supported Boundary,
[0/%£45/90),, a=b=20, h/R=1/20

The same trends described in the previous ply lay-ups are

apparent for this layup as well. The solutions show excellent
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convergence characteristics, with the frequencies again
converging more quickly than the buckling loads. The results
also seem to converge more quickly than for the [$45],
laminate, though it is not an immediate convergence as in the
[0/90], case. Figures 12 and 13 show the curvature effects
for this laminate, with the same trends as found for the
previous laminates. Again, similar to the [0/90], laminate,

there are points that seem inconsistent.
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From the comparisons of the stiffness terms for this ply
layup against the corresponding stiffness terms for the
(0/90], and the [t45] layups, one would expect the results to

also fall between them. Figures 14 through 16 give graphical
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comparisons. It can be seen that the magnitudes of the
buckling loads and frequencies for the [0/t45/90]  layup are
consistently higher than the loads and frequencies for the
[0/90], layup. This effect seems to decrease as h/r decreas-
es, but increases with increasing a/h ratios. For a/h = 10,
the buckling load is about 40% higher for h/R = 20, while at
h/R = 0, the difference is only about 25% higher. At a/h =
40, the difference decreases from about 90% at h/r = 20 to 30%
at h/R = 0.

The frequencies follow the same trends, except that the
per cent differences are smaller. For a/h = 10, the frequen-
cies for the [0/t45/90], range from about 20% higher at h/R =
20 to 10% higher at h/R = 0. For b/h = 40, the frequencies
range from about 40% higher at h/R = 20 to about 10% higher at
h/R = 0.

Comparison was next made with the [%45), laminate.
Trends were not as obvious in this case. The frequencies
resulting from this case were consistently lower than the
[t45], case, with only one exception. There did not seem to
be an obvious relationship between differences and the
dimensions of the panel, as there seemed to be in comparison
with the {0/90], layup.

Comparison of the buckling loads for the two ply layups
produced very different results than for the frequencies. The

buckling loads were not consistently lower as were the
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frequencies. For a curvature of h/R of 1/20, the buckling
loads were in fact larger for the [0/%45/90], laminate than
for the [#45_] laminate (see Figure 14). However, as the
radius increased, the loads did become less than those for the
[t45], laminate. Figure 15 shows the same plot for h/R of
1/50. For larger panels, b/h of 30 and 40, only for h/R equal

to zero did the loads become smaller.
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Figure 14. Comparison of Critical Buckling Loads for
Different Ply Layups, Simply Supported Boundary,
h/R=1/20
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The effect of nonsymmetric laminates on the buckling
loads and natural frequencies was studied next. A nonsymmetr-
ic laminate will have nonzero terms in its By; stiffness
matrix, which represents the coupling between extension and
bending. The same holds true for the corresponding higher
order stiffness matrices [Ey1, [Gy;1, and (1] The effect of
this coupling should make the laminate less stiff, and thus
decrease the buckling loads and frequencies. Jones presented
solutions for which the effect of nonsymmetry lowered frequen-
cies by as much as 40% (9:248-283). Whitney also preformed
work in this area, and produces similar results (28).

First, a [0/90/0/90] ply layup was assumed, (or [0/90],.),
and entered into the simply supported problem. Its stiffness
elements are presented in Table 4. For this particular
laminate, the solutions are found to converge immediately at
M - N =2, 2Xgain, an exact solution exists.

The results for both.the critical buckling loads and the
natural frequencies follow the same trends found for the
symmetric case. The effects of varying the curvature and span
to thickness ratio is the same as observed for the symmetric
laminates.

The results when compared to the symmetric case are not
quite as expected. Figures 17 through 20 show graphical
comparisons. For both cases, the frequencies and buckling

loads are very close. In nearly all cases, the results for
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the antisymmetric case were less than those of the symmetric
case. Yet for large values of a/h, some increases were seen.
This is not as the theory governing laminate behavior would

predict.
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Figure 17. Comparison of Critical Buckling Loads for [0/90],
vs (0/90],, Simply Supported Boundary, h/R=1/50
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Figure 18. Comparison of Critical Buckling Loads for [0/90],
vs [0/90),, Simply Supported Boundary, h/R=1/20
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Figure 19. Comparison of Natural Frequencies for [0/90], vs
(0/90),, Simply Supported Boundary, h/R=1/20
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Figure 20. Comparison of Natural Frequencies for [0/90], vs
[0/90],, Simply Supported Boundary, h/R=0

Next, a [t45], ply layup was investigated. Its stiffness
elements are presented in Figure 5. Results for this laminate
were similar to the results found for the [0/90], layup.
Figures 21 through 24 show graphical comparisons for buckling
loads and natural frequencies. In Figure 21, the buckling
loads for the antisymmetric laminate are higher than the
symmetric laminate, on the order of 10% for an h/R value of
1/20. Increasing the radius resulted in loads that were
closer to the symmetric case, as shown in Figure 22, yet still
higher. Figures 22 and 23 show the natural frequencies for
the antisymmetric laminate were typically very close to the

frequencies for the symmetric case, but again slightly higher.
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Figure 21. Comparison of Critical Buckling Loads for [$45],
vs [$45],, Simply Supported Boundary, h/R = 1/20
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Figure 22. Comparison of Critical Buckling Loads for [145],
vs [$45],, Simply Supported Boundary, h/R=1/50
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[t45],, Simply Supported Boundary, h/R=1/20
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Figure 24. Comparison of Natural Frequencies for [145], vs
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Several hypotheses were 1investigated to determine
possible causes for these results. No errors were found in
the FORTRAN code after extensive searching. In addition, the
excellent agreement with Linneman’s results, plus the logical
and consistent trends established and followed for all cases
investigated would seem to indicate no programming errors.

The behavior of the general eigenvalue problem was also
investigated. It was thoudﬁt that the matrices built from the
Galerkin equations might be ill-conditioned, or very sensitive
to small perturbations (6:598-604; 30:941-949). This also
turned out not to be the case.

Two other ideas were proposed that may lend some insight
on these unexpected results. Jones (9:255-283) presents
result for antisymmetric laminated flat plates, having high
modulus ratios, E,/E, = 40 and ply thickness of 0.005 inch.
He found that for large numbers of plies, the effect of
bending-coupling decreases rapidly. Whitney (28) made similar
conclusions. The laminates investigated in this work all have
thicknesses of 1.0 inch. These would have the equivalent of
200 plies in Jones’ analysis. Reddy (22) also found that
material with lower modulus ratios were less effected by
nonsymmetry.

It may be possible that the relatively large thickness of

the plies, or the moderately low modulus ratio for the
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material used in this analysis, E,/E, = 15, is counteracting
the effect of the nonsymmetry.

Additionally, Jones describes cases where similar results
were found, using the Rayleigh-Ritz method, due to a relative-
ly inaccurate solution and the inability to satisfy natural
boundary conditions (9:282). Chen and Shu (5) alluded to
finding similar results for some cases using a large deflec-
tion model. These cases may or may not be related to the
cause of the unexpected results found in this thesis, yet it
does indicate that the results obtained here are not unique.

Finally, the effects of the higher order stiffness terms,

G,

ij’

)

i etc., are also unknown. The effects of the A,;, B,

ij?
and Dy; stiffness elements have been documented by many
investigators. These higher order elements however, are not
fully understood. It may be possible that the presence of
these terms in a nonsymmetric laminate cause unexpected

behavior.
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Clamped Boundary Condition

The next case investigated is the clamped boundary
condition. The results for this case were examined for the
same trends as were the simply supported cases. First,
symmetric layups were run, and compared to results obtained
from Linneman (10). The results compare very well, again
serving to validate the work performed in this analysis.
Following this validation, the effects of the [0/$45/90], ply
layup and nonsymmetry are investigated for this boundary.

The solutions are first checked for convergence, as
described previously. The assumed solutions do not satisfy
the natural clamped boundary conditions, therefore the
resulting buckling loads and frequencies are not expected to
converge as quickly as for the simply supported case.

Figures 25 and 26 show some typical convergence charac-
teristics for the [0/90], laminate. The results verify that
the convergence is not as fast as for the simply supported
case, for either problem, but indicate good convergence
characteristics nonetheless. Numerical results presented in
Tables 7 and 8 demonstrate that the frequencies converge more
rapidly than the buckling loads, as in the simply supported
case.

An interesting note is the convergence behavior for short

(b/h = 10) panels. This particular laminate behaves differ-
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ently in convergence than the others. While the larger
laminates converge from a large value and decrease by smaller
and smaller amounts, this case does not. As indicated in
Figure 25, there is an initial decrease, then the solutions

are seen to increase by smaller amounts.
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Figure 25. Convergence Characteristics for Critical Buckling
Loads, Clamped Boundary (0/90],, a=b=10, h/R=1/20
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Table 7. Convergence of Critical Buckling Load (1lb/in) and
Natural Frequency (rad/sec) for [0/90],, Clamped

(R = 20.0 in, h =

337233.43

j M =N N % Decrease ® $ Decrease %

1.0 in, a = b = 10.0 in)

16649.12

327211.45

15982.47

329209.28

15960.64

330801.91

15979.57

331868.15

16Q0;.{?7”_W7 +
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Table 8. Convergence of Critical Buckling Load (1lb/in) and
Natural Frequency (rad/sec) for [0/90],, Clamped
(R =50.0 in, h = 1.0 in, a = b = 40.0 in)

L M =N ﬁ % Decrease - ® % Decrease
2 223823.22 -—- 3112.16 -——
4 79166.73 -64.63 2092.27 -32.77
6 77013.96 -2.72 2023.20 -3.30

i 8 76327.19 -0.89 2003.47 -0.98
10 76048.48 -.36 1996.57 -0.34

Figures 27 and 28 show the effects of curvature for this
laminate. Once again, the effects of deeper shells on the
buckling loads and frequencies are the same. The buckling
loads are greatly affected by the curvature, increasing
considerably for an h/R ratio of 1/20 versus a flat plate.
The frequencies are also seen to increase, as expected.
Compared with the buckling load behavior, the effect is
relatively small. This is just as seen for the simply
supported boundary.

Compared with the results for the simply supported case,
the buckling loads and frequencies for the clamped [0/90],
laminate are much larger for all configurations investigated.
The difference is quite dramatic for the buckling loads, on
the order of 50 to 90% larger for h/R of 1/20, and as h/R

approaches zero, up to four times larger. The differences for
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Figure 27. Curvature Effects on Critical Buckling Loads,
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Figure 28. Curvature Effects on Natural Frequencies,
Clamped Boundary, [0/90],

the frequencies are not quite so large, on the order of 40%

for h/R of 1/20, but still reaching over 100% for flat plates.
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The [$45), laminate also produced results that are larger
than the corresponding layup in the simple supported boundary,
however, not nearly as much as the [0/90], case. The buckling
loads and frequencies are on the order of 10 to 20% higher for
large h/R values, and 20 to 50% higher as h/R approaches zero.
The buckling loads follow a similar scale. Some results for
the [#45], laminated are presented in Figures 29 and 30, and
numerical results in Tables 9 and 10. Again, convergence
appears very good. However, in some of the shorter laminates,
b/h = 10, slight increases appear in the results for M = N =
10. These increases are very small,and could be caused by
simple round-off errors. However, they may be indications of

divergence beyond M = N = 10.
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Table 9.

Convergence of Critical Buckling Load (lb/in) and

Natural Frequency (rad/sec) for [145],, Clamped

(R = 50.0 in, h = 1.0 in, a = b = 10.0 in)

2 334998.03 -—- 16535.28 -——-
4 246979.45 -26.27 15817.05 -4.34
6 245613.00 -0.55 15752.59 -0.41
8 245481.93 -0.05 15752.74 -———
10 2445549.11 +0.03 15762.25 +0.06

Table 10. Convergence of Critical Buckling Load (lb/in) and
Natural Frequency (rad/sec) for [$45],, Clamped
(R =20.0 in, h = 1.0 in, a = b = 30.0 in)

_——

% Decrease [ % Decrease |
2 434764.02 -——- 8055.56 -——
4 169984.12 ~-60.90 5298.00 -3.23
6 120581.26 -29.09 5099.41 -3.75
8 119528.51 -0.87 5036.63 -1.23
“ 10 119299.60 -0.19
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Figures 31 and 32 below show the curvature effects for
this laminate, and as expected, it also exhibits the same

behavior as all the previous cases.
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Figure 31. Curvature Effects on Critical Buckling Loads,
Clamped Boundary, [%45],

The comparison of the [0/90], and the [t45], laminates for
the clamped boundary produced some very interesting results.
While both the buckling loads and natural frequencies were
consistently lower for the [0/90]), simply supported laminate
than for the (145), laminate, this is not the case for the
clamped condition. The frequencies are lower for the [145],
laminate for flat plates, and as the curvature increases, the
frequencies become greater than those of the [0/90], laminate.

The buckling loads are consistently larger for the [0/90],
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Figure 32. Curvature Effects on Natural Frequencies,
Clamped Boundary, [%45],

laminate.

This would initially appear to be an inconsistency. One
would think that the buckling loads and natural frequencies
would behave similarly. Looking at the results, there is no
aberrant behavior that would indicate this an error; conver-
gence characteristics are excellent, and all the results
follow the trends established previously.

The [0/t45/90], ply layup was next investigated for the
clamped boundary. Its convergence characteristics are similar
to those of the [145]), laminate, in that for a/h = 10, the
solutions display an initial decrease, and then increase to
asymptotically approach a constant value. Some results are
presented in Figures 33 and 34 below, with numerical results

in Tables 11 and 12.
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Table 11. Convergence of Critical Buckling Load (lb/in) and
Natural Frequency (rad/sec) for [0/145/90],, Clamped
(R =50.0 in, h = 1.0 in, a = b = 10.0 in)

= =
=

M =N N % Decrease [} % Decrease
2 339951.68 -—— 16635.43 -——
4 327579.00 -3.64 16047.65 -3.53
6 329423.18 +0.55 16027.12 -0.13
8 331201.89 +0.54 16046.70 +0.12
10 332469.38 +0.38 16068.69 +0.14

Table 12. Convergence of Critical Buckling Load (lb/in) and
Natural Frequency (rad/sec) for [0/%45/90],,
Clamped, (R = 20.0 in, h = 1.0 in, a = b = 20.0 in)

$ Decrease

402111.19 -—— 8839.18 -——

267400.17 -33.50 7993.68 -9.57
265808.95 -0.60 7937.18 -0.70
265534.83 -0.10 7927.97 -0.12

2
4
6
8
|| 10 £99.61 -0.01 7928.33 -0.01 Il
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Curvature effects are the same as previous cases, deeper
shells showing increases in frequency and even larger increas-
es in buckling loads. These results are presented in
Figures 35 and 36 below. These indicate once again a small

increase in the results for the natural frequencies at

M=N=10.
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Figure 35. Curvature Effects on Critical Buckling Loads,
Clamped Boundary, [0/t45/90],
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Figure 36. Curvature Effects on Natural Frequencies,
Clamped Boundary, [0/%45/90]

The results were then compared to the (0/90]), and [[$45],
laminates, as was done for the simply supported case. Some of
these results are shown in Figures 37 and 38. Some comparable
trends were found: the buckling loads and frequencies for the
[0/t45/90]), laminate are again much higher than those for the
[0/90],.

In comparison to the [t45), laminates, the buckling loads
are consistently higher for the (0/245/90], laminates. The
loads are on the order of 40% higher for small a/h ratios and
increase to approximately 100% higher for a/h of 40. The
differences between the loads are also seen to decrease with

increasing radius.
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Figure 37. Comparison of Critical Buckling Loads for
Different Ply Layups, Clamped Boundary, h/R=1/20
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Figure 38. Comparison of Natural Frequencies for Different
Ply Layups, Clamped Boundary, h/R=1/20

However, the behavior of the frequencies is not compara-

ble to the simply supported case, where the frequencies were
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lower for the [0/$t45/90] laminates. Rather, for the clamped
boundary, the frequencies are larger than the [$45]), laminates
for about half of the cases. There did not seem to be an
obvious trend.

The effect of antisymmetric ply layup were also investi-
gated for the clamped boundary condition. Some results are
shown below including comparable results for the [0/90],

laminates, Figure 39 through Figure 42.
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Figure 39. Comparison of Critical Buckling Loads for [0/90],
vs [0/90],, Clamped Boundary, h/R=1/50
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Figure 40. Comparison of Critical Buckling Loads for [0/90],
vs [0/90],, Clamped Boundary, h/R=1/20

The buckling loads are on the order of 10% lower for the
antisymmetric case for all panel dimensions investigated.
These results are as expected, and would appear to indicate
good results for this laminate.

The natural frequencies do not exhibit similar behavior,
however. The frequencies show decreases for nearly all cases.
However, for b/h = 10 and 40 in Figure 41, and for b/h = 10 in
Figure 42, the frequencies are seen to be larger for the
nonsymmetric case, although they are very close for all cases,
differing by less than 5%. The same was true for the simply

supported antisymmetric laminates.
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Figure 41. Comparison of Natural Frequencies for [0/90], vs
[(0/90]a, Clamped Boundary, h/R=1/20
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Figure 42. Comparison of Natural Frequencies for {0/90], vs
(0/90],, Clamped Boundary, h/R=1/50
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Figures 43 and 44 show some typical results for the
[+45],, clamped laminate compared against the symmetric ply
layup. Again, the buckling loads and frequencies are all
higher for the antisymmetric case. The frequencies are again

very close for both laminates.
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Figure 43. Comparison of Critical Buckling Loads for [145],
vs [$45],, Clamped Boundary, h/R=1/20
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Clamped-Simple Boundary Condition

This boundary condition assumes circumferential edges of
the panel clamped, and the longitudinal edges simply support-
ed. Bowlus and Reams investigated the effects of this type of
boundary on flat plates assuming Mindlin type shear relations
(2; 18). No results for a cylindrical shell could be found
using the same higher order shear theory applied in this work.

Only two ply layups were investigated for this boundary
condition, the [0/90], and the [t45),. Figures 45 through 50
show typical results for each of the layups. They show good
convergence characteristics and follow the same trends
established by the other boundary conditions, where the
frequencies are seen to converge slightly faster than the

buckling loads.
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Figure 48. Convergence Characteristics for Natural

Frequencies, Clamped-Simple Boundary,
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Figure 49. Convergence Characteristics for Critical
Buckling Loads, Clamped-Simple Boundary,
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Figure 51 through 54 present the effects of curvature on
the buckling loads and frequencies for both laminates. Just
as for all previous cases, the loads and frequencies decrease
with increased span to thickness ratios, with deeper shells
less affected than flat plates. The effect is much greater

for the buckling loads.
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Figure 51. Curvature Effects on Critical Buckling Load,
Clamped-Simple Boundary, [0/90],
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Figure 54. Curvature Effects on Natural Frequency,
Clamped-Simple Boundary, [t45],

Bowlus and Reams presented their results in nondimension-
alized form, for comparisons to the other boundary conditions.
They both showed that the buckling loads and frequencies for
the clamped-simple boundary conditions fell between those for
the simple and clamped boundary conditions. The same results
are found for this analysis for the cylindrical shell.

Nondimensionalized results from both Reams and Bowlus
indicate the magnitudes of the critical buckling loads and
natural frequencies for this boundary condition fall between
those for simply supported on all sides and clamped on all
sides. The same results are found for the shells

examined here, with one exception.
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Figures 55 through 61 compare the critical buckling loads
and natural frequencies for the [0/90], laminate for different
curvatures. Despite the anomalous behavior of the simply
supported points described earlier, this indicates that for
this ply layup, the buckling loads for the clamped-simple
boundary seem to more closely emulate the purely clamped
boundary. The results fall in between the simple and clamped
cases, but there is quite a difference between the simple
boundary condition and the clamped-simple case, especially for
lower b/h ratios. This difference is also indicated in the
natural frequencies, though the effect is not as obvious.
This behavior is due to the clamping along the circumferential
direction dominating the behavior of the laminate. The
results for the [%45] ply layup do not show quite the same
behavior. Examining the case for a radius of 20, see
Figure 59, it is seen that the buckling loads for the clamped-
simple boundary are slightly higher than both the clamped and
simple boundaries. At the larger radius, see Figure 61, the
loads fall below those for the clamped case. However, the
differences between the results for each boundary condition
are very small, on the on the order of a few percentages, that
this behavior could be neglected for practical purposes. The
results for the natural frequencies of the [145], laminates

are also very close for all boundary conditions. Figure 60
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shows the clamped-simple results falling between the two, with

no obvious inclinations to one side.
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Figure 55. Comparison of Critical Buckling Loads for
Different Boundary Conditions, [9/90],, h/R = 1/20
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Figure 56. Comparison of Natural Frequencies for Different
Boundary Conditions, [0/90],, h/R = 1/20
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Figure 60. Comparison of Natural Frequencies for Different
Boundary Conditions, [t45],, h/R = 1/20
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Iv. Summary and Conclusions

A theory has been developed for general nonsymmetric
laminated shells, including a parabolic transverse shear
distribution. A computer program was developed to solve for
the critical buckling loads and natural frequencies.

A variety of symmetric and nonsymmetric laminates were
studied, with simply supported, clamped, and clamped-simple
boundary conditions.

The following conclusions were reached from the results
of this analysis.

First, the solutions generated from the Galerkin tech-
nique had excellent convergence characteristics for all
laminates investigated. Convergence was slower for the
buckling problems and for the clamped and clamped-simple
boundary conditions. There were some indications for
M = N = 10 terms of increases in the buckling loads and
frequencies. These increases were very small, and divergence
seems unlikely. However, increasing the maximum number of
terms in the solutions is recommended just to make sure there
is in reality no divergence. There were some results for the
simply supported boundary that did not follow the trends
established. These points are assumed to be incorrect, as the

majority of the results follow consistent, logical trends.
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The curvature of the shells was varied to measure the
effects for each laminate, symmetric and nonsymmetric, for
each of the boundary conditions. The results showed that the
deeper the shell, the higher the stiffness. Differences
between buckling loads for deep shells and flat plates was
significant. The frequencies were also affected, but not to
the extent of the buckling problem.

The natural frequencies obtained for each boundary
condition were generally greater for the [$45] laminates than
for the [0/90],, due to the presence of additional stiffness
terms. This is not the case for the buckling problems. The
[0/90]), laminates yielded larger buckling loads for the
clamped and clamped-simple boundary condition, and also for
small a/h ratios in the simply supported boundary.

The [0/t45/90], laminates produced buckling loads and
frequencies consistently higher than the [0/90], laminates for
both the simple and clamped boundaries. The buckling loads
were higher than the loads for the [$45], laminates for both
boundaries considered, while the frequencies were lower for
the simply supported case, and some of the clamped results.

The antisymmetric results are not as expected. Only for
one case did the antisymmetric buckling loads fall consistent-
ly below the symmetric case, the clamped {0/90] laminate. The
majority of the laminates investigated, including simple and

clamped boundaries with [0/90],, and [%45],, ply layups,
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resulted in buckling loads and frequencies that were higher
for the antisymmetric laminate.

Finally, the clamped-simple boundary condition produced
results that agreed with previous work. The results for the
critical buckling loads and natural frequencies for the most
part fell between the values obtained from a purely simply
supported and a purely clamped boundary. Clamping the
circumferential length resulted in the buckling loads greatly
influenced by the clamped behavior, seeming to follow the
behavior of a purely clamped boundary. The frequencies did
not seem to be as affected.

Much work remains to be done. The behavior of the
antisymmetric laminates versus the symmetric found here may be
explained by the effects of the large number of plies as
discussed in the previous chapter. Further investigations
should be done to determine if this is the case.

Another logical continuation from this work would be to
include throughout the development the through the thickness

shear strain e¢,, to determine its effects.
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Appendix A. Transverse Shear

This appendix shows the development of the displacement
functions based on the boundary condition of zero transverse

shear strain at the top and bottom surface of the laminate.

This appendix focuses on Yy.+ The development relating
to v,, is the same.
The strain expression of Eq (2), assuming z/R = 0 is

shown below.
YYz=V'z+w'y-% (A.1)

Substituting the displacement relations of Eq (1) int Eq (A.1)

gives the following:

A4 \'
Yye = Tf’ +y, + 229, + 320, + Wo.y + zE,y - [1 + 7‘:]7;’
(A.2)
z z? z3
B
The above simplifies with z/R = 0 to
Yyz = W, + 22, + 322%0, + W, + 28, (A.3)

To satisfy the boundary conditions, evaluate Eq (A.3) at z =

th/2 and set equal to zero:
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3h? he _
\ 2
¥, - ho, + 3‘}1: 8, +w,,, —§E=O
Adding the above expressions results in the following:

4

8 = _3h2 (¥, + w,,,)

: (A.5)

_ _1
‘bz - EE},
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Appendix B. Computer Code

This appendix contains a listing of the FORTRAN code
used for this thesis. The program included is that for the
simply supported boundary condition. The codes for the
clamped and clamped-simple boundary conditions are identi-
cal, except for the -Galerkin equations used in the GALERK
subroutine. These additional subroutines are not included
here, as the equations are given in the Theoretical Develop-

ment.
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Program MAINTHESIS
c
¢ CAPT KATHLEEN V. TIGHE
[
¢ GAE-91D
C
¢ THE DETERMINATION OF THE FUNDAMENTAL NATURAL FREQUENCY AND
¢ CRITICAL BUCKLING LOAD OF AN ANISOTROPIC LAMINATED CIRCULAR
¢ CYLINDRICAL SHELL PANEL INCLUDING THE EFFECTS OF PARABOLIC
c TRANSVERSE SHEAR DEFORMATION AND ROTARY INERTIA
C
¢ THESIS ADVISOR: DR ANTHONY PALAZ@TTO
C

INITIALIZATION

0O 606 6 6

Double Precision A, B, R, H, PI, All, A12, A22, A16, A26, A66,

Ad4, A45, ASS, DI, D12, D22, D16, D26, D66, D44, D45, DSS,
F11, F12, F22, F16, F26, F66, F44, F45, F55, H11, H12, H22,

Hl6, H26, H66, J11,J12,J22, J16, J26, J66, Bl11, B12, B22,

B16, B26, B66, Ell, E12, E22, El6, E26, E66, Gl11, G12, G22,

Gl6, G26, G66, 111, 112,122, 116, 126, 166, TPLY,

THETA(100), El, E2, GM12, V12, V21, G13, G23, STIFF(500,500),
MASS(500,500), BETA(500), RHO, REVEC(100)

PRRE®E R

[ o]

Double Complex ALPHA(500), EVAL(500), EVEC(500,500)
WORKSPACE ALLOCATION FOR IMSL

Common /WORKSP/ RWKSP

Real RWKSP(3003026)

Call IWKIN(3003026)

Open (Unit=1,File="main.in’,Status="OLD")
Open (Unit=2,File="main.out’,Status="NEW")

IS THIS A VIBRATION PROBLEM OR A BUCKLING PROBLEM ?
NBUCVIB = 1 ; VIBRATION. NBUCVIB = 2; BUCKLING.

Ao o

Read (1,1300) NBUCVIB
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READ SHELL PANEL DIMENSIONS AND LAMINATE DATA

DIMENSIONAL DATA

Qa6 6 o a o aqa

LENGTH IN THE X DIRECTION (LONGITUDINAL AXIS)
Read (1,1000) A
¢ LENGTH IN THE Y DIRECTION (CIRCUMFERENCIAL AXIS)
Read (1,1000) B
¢ RADIUS OF CURVATURE
Read (1,1000) R
¢ LAMINATE THICKNESS
Read (1,1000) H
PI = 3.1415926553588793
¢ LENGTH TO SPAN RATIO AND THICKNESS RATIO
AOVERB=A/B
HOVERR =H/R
AOVERH=A/H
BOVERH =B/H
c
¢ LAMINATE DATA
c
¢ NUMBER OF PLYS IN THE LAMINATE
Read (1,1300) NPLYS
¢ THICKNESS OF EACH PLY IN THE LAMINATE
TPLY = H/NPLYS
¢ ORIENTATION ANGLE OF EACHPLY IN THE LAMINATE
Do 10I =1, NPLYS
Read (1,1000) THETA(I)
10 Continue
¢ MATERIAL PROPERTIES OF EACHPLY
Read (1,1000) E1l
Read (1,1000) E2
Read (1,1000) GM 12
Read (1,1000) V12
Read (1,1100) RHO
V21 =VI2*E2/El
¢ FOR THIS THESIS, G13 AND G23 WILL HAVE THE FOLLOWING VALUES :
GI3=GMI2
G23=08*GMI2
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c
c
¢ WRITE SHELL PANEL DIMENSIONS AND LAMINATE DATA
c
Write (2,1400)
If NBUCVIB.EQ.1) Then
Write (2,1500)
Else
Write (2,1600)
End If
Write (2,1700)
Write (2,1800) )
Write (2,1900) A, B, AOVERB
Write (2,2000) H, AOVERH, BOVERH
Write (2,2100) R, HOVERR
Write (2,2200)
Write (2,2300)
Do201=1,NPLYS
Write (2,2400) THETA(I)
20 Continue
Write (2,2500) NPLYS, H
Write (2,2600) TPLY
Write (2,2700) El, E2
Write (2,2800) GM12
Write (2,2900) G13, G23
Write (2,3000) V12, V21
Write (2,3100) RHO
c
c
c
¢ CALCULATE THE BENDING, EXTENSIONAL, AND HIGHER ORDER
¢ STIFFNESS ELEMENTS FOR A GENERAL NON-SYMMETRIC LAMINATE.
C

Call LAMINAT(NPLYS, TPLY,THETA E1,E2,GM12,V12,V21,G13,G23,PLH,All,
A12,A22,A16,A26,A66,A44,A45,A55,D11,D12,D22,D16,D26,D66,D44,
D45.D55,F11,F12,F22,F16,F26,F66,F44,F45 F55 H11,H12,H22,H16,
H26,H66,J11,J12,J22,16,126,66,B11,B12,B22,B16,B26,B66,E11,
E12,E22,E16,E26,E66,G11,G12,G22,G16,G26,G66,111,112,122,116,

126,166)

PRk

o o0 0O 6

WRITE LAMINATE STIFFNESS ELEMENTS
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Write (2,3200)

Write (2,3300) Al1, A12, A22
Write (2,3400) A16, A26, A66
Write (2,3500) Ad4, A4S, ASS
Write (2,3600)

Write (2,3700) B11, B12, B22
Write (2,3800) B16, B26, B66
Write (2,3900)

Write (2,4000) D11, D12, D22
Write (2,4100) D16, D26, D66
Write (2,4200) D44, D45, D55
Write (2,4300)

Write (2,4400)

Write (2,4500) E11, E12, E22
Write (2,4600) E16, E26, E66
Write (2,4700) F11, F12, F22
Write (2,4800) F16, F26, F66
Write (2,4900) F44, F45, F55
Write (2,5000) G11, G12, G22
Write (2,5100) G16, G26, G66
Write (2,5200) H11, H12, H22
Write (2,5300) H16, H26, H66
Write (2,5400) 111, 112, 122
Write (2,5500) 116, 126, 166
Write (2,5600) J11, J12, 22
Write (2,5700) J16, J26, J66

DETERMINE THE DIMENSION OF THE MASS AND STIFFNESS MATRICES.

Read (1,1300) MMAX
MSIZE = 5§ * MMAX * MMAX
MSIZESQ = MMAX * MMAX
If (NBUCVIB.EQ.1) Then
Write (2,5800)
Write (2,6000) MMAX, MSIZE, MSIZE
Write (2,6100)
Else
Write (2,5900)
Write (2,6200)
Write (2,6300)
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Write (2,6000) MMAX, MSIZE, MSIZE
End If

C

c
¢ USING THE BENDING, EXTENSIONAL, AND HIGHER ORDER STIFFNESS

¢ ELEMENTS AND THE SHELL PANEL PHYSICAL CHARACTERISTICS AS
¢ INPUTS, CALCULATE THE STIFFNESS AND MASS MATRICES AND THEN
¢ FIND THE NATURAL FREQUENCIES AND/OR AXIAL BUCKLING LOAD AND
¢ THEIR RESPECTIVE MODE SHAPES.
C

Call GALERK(PLR,H,A,B,A11,A12,A22,A16,A26,A66,A44,A45 A55 D11,
D12,D22,D16,D26,D66,D44,D45,D55,F11,F12,F22 F16,F26,F66,F44,
F45,F55,H11,HI12,H22,H16,H26,H66,J11,112,J22,J16,J26,166,B11,
B12,B22,B16,B26,B66,E11,E12,E22, E16,E26,E66,G11,G12,G22,G16,
G26,G66,111,112,122,116,126,166 NBUCVIB,MMAX MSIZE , RHO,STIFF,
MASS,BETA,ALPHA ,EVAL,EVEC,MSIZESQ,REVEC)

-

Stop
c
¢ FORMAT STATEMENTS
c
1000 Format (F15.5)
1100 Format (D22.15)
1200 Format (E12.5)
1300 Format (15)
1400 Format (///,5X,
& ’ANISOTROPIC LAMINATED CIRCULAR CYLINDRICAL SHELL PANEL’)
1500 Format (//,5X,’VIBRATION PROBLEM?)
1600 Format (//,5X,"BUCKLING PROBLEM")
1700 Format (/,5X,’S2 SIMPLY SUPPORTED BOUNDARY CONDITIONS’)
1800 Format (//,5X,’SHELL PANEL DIMENSIONS (in.)’)
1900 Format (/,5X,’a = *,1X,F6.2,4X,’b = *,1X,F6.2,4X,’a/b = *,1X,F6.2)
2000 Format (/,5X,’h = °,1X,F4.2,4X,’a/h = *,1X,F6.2,4X,’b/h = *,1X,F6
& 2
2100 Format (/,5X,’R =",1X,E12.5,6X,’h/R =",1X,F10.8)
2200 Format (//,5X,"SHELL PANEL LAMINATE DATA’)
2300 Format (/,5X,"LAMINATE PLY LAYUP (DEGREES)")
2400 Format (/,30X,F7.2)
2500 Format (/,3X,13,2X,’PLYS IN THIS’,2X,F4.2,2X,’in. THICK LAMINATE’)
2600 Format (/,5X,’EACH PLY IS’ 1X E12.5,2X,’ins. THICK")
2700 Format (/,5X,’ELASTICITY MODULII (psi) : El =" E12.5,2X’E2="
& LE125)
2800 Format (/,5X,’IN PLANE SHEAR MODULUS (psi): G12 ="E12.5)
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2900 Format (/,5X,"”TRANSVERSE SHEAR MODULII (psi): G13 =",E12.5,2X,

& °G23=",El125)

3000 Format (/,5X,’POISSONS RATIOS: V12 =",1X,F6.4,3X,'V2] =’,1X,F6.4

& )

3100 Format (/,5X,"MASS DENSITY (LB*SEC*2/IN*4). RHO = ’,1X,D18.11)
3200 Format (///,5X,EXTENSIONAL STIFFNESS ELEMENTS (lb/in)’)
3300 Format (/,5X,’Al1 =", F15.3,3X,’A12 =’ F15.3,3X,’A22 =" F15.3)
3400 Format (/,5X,’A16 = *,F15.3,3X,’A26 =’ F15.3,3X,’A66 = *,F15.3)
3500 Format (/,5X,’A44 =',F15.3,3X,’A45 = " F15.3,3X,’A55 = *F15.3)
3600 Format (//,5X,"COUPLING STIFFNESS ELEMENTS (Ib?)")

3700 Format (/,5X,’B11 =°,F15.3,3X,’B12 =’ F15.3,3X,’B22 =’ F15.3)
3800 Format (/,5X,’B16 =’,F15.3,3X,’B26 = *,F15.3,3X,"B66 = *,FF15.3)
3900 Format (//,5X,"BENDING STIFFNESS ELEMENTS (b * in)’)
4000 Format (/,5X,D11 ="F15.3,3X,’D12 =" F15.3,3X,’D22 =", F15.3)
4100 Format (/,5X,’D16 = *,F15.3,3X,’D26 = *,F15.3,3X,’D66 = *,F15.3)
4200 Format (/,5X,’D44 =’ F15.3,3X,’D45 = *F15.3,3X,’D55 = ’,F15.3)
4300 Format (/,5X,"HIGHER ORDER STIFFNESS ELEMENTS’)

4400 Format (5X,’Fjj (in * 1b*3), Hij(in * 1b*$ ), Jij(in * 1b*7)’)

4500 Format (/,5X,’E11 =*,F15.3,3X,’E12 = °F15.3,3X,’E22 = " ,F15.3)
4600 Format (/,5X,’E16 = ,F15.3,3X,’"E26 = *,F15.3,3X,’E66 = ",F15.3)
4700 Format (/,5X,’F11 =’ F15.3,3X,F12 =" ,F15.3,3X,’F22=",F15.3)
4800 Format (/,5X,’F16 = *,F15.3,3X,’F26 = " ,F15.3,3X,’F66 =’ ,F15.3)
4900 Format (/,5X,'’F44 =’ F15.3,3X,’F45 = * F15.3,3X,’F55 =" F15.3)
5000 Format (//,5X,’G11 ="F15.3,3X,’G12 =" F15.3,3X,’G22=",F15.3)
5100 Format (/,5X,’G16 = *,F15.3,3X,"G26 = *F15.3,3X,’G66 = °,F15.3) .
5200 Format (//,5X,’H11 =",F15.3,3X,H12 =" F15.3,3X,’"H22=",F15.3)
5300 Format (/,5X,’H16 = ,F15.3,3X,’"H26 = *,F15.3,3X,’H66 = ’,F15.3)
5400 Format (/,5X,’111 =, F15.3,3X,’ 112 = F15.3,3X,'122= ",F15.3)
5500 Format (/,5X,'116 = °,F15.3,3X,'I26 =’ F15.3,3X,’166 = ’,F15.3)
5600 Format (/,5X,’J11 ="F15.3,3X,’J12 = *,F15.3,3X,’J22= ",F15.3)
5700 Format (/,5X,’J16 =, F15.3,3X,’J26 = *,F15.3,3X,’J66 = ", F15.3)
5800 Format (///,5X,

& °'VIBRATION EIGENVALUE ANALYSIS - FIRST 10 MODES PRINTED’)
5900 Format (//,5X,”BUCKLING EIGENVALUE ANALYSIS - ALL MODES PRINTED")
6000 Format (//,5X, MMAX = NMAX ="12,5X,

& ’STIFFNESS AND MASS/INERTIA MATRICES ARE (’,13,1X,” BY ’,1X,

& 137))

6100 Format (///,5X,”MODE NUMBER ’,11X,” EIGENVALUE ’,14X,

& °'NATURAL FREQUENCY (RAD/SEC)’)

6200 Format (5X,”THE CRITICAL BUCKLING LOAD IS THE EIGENVALUE WITH’)
6300 Format (5X, THE SMALLEST ABSOLUTE VALUE’)
c

End
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Subroutine LAMINAT(NPLYS, TPLY, THETA,E1,E2,GM12,V12,V21,G13,G23,P1,
H,All,A12,A22,A16,A26,A66,A44,A45,A55,D11,D12,D22,D16,D26,D66,
D44,D45,D55,F11,F12,F22,F16,F26,F66,F44 F45,F55 H11,H12,H22,
H16,H26,H66,J11,112,J22,116,J26,166,B11,B12,B22,B16,B26,B66,
El11,E12,E22,E16,E26,E66,G11,G12,G22,G16,G26,G66,111,112,122,

116,126,166)

I Y

QO 00 6 00 A6 0@ 0

THIS SUBROUTINE CALCULATES THE BENDING, COUPLINGC EXTENSIONAL,
AND HIGHER ORDER STIFFNESS ELEMENTS FOR THE LAMINATE.

THIS THESIS ASSUMES A HOMOGENEOUS LAMINATE -- MATERIAL
PROPERTIES ARE IDENTICAL FOR EACH PLY. THE THICKNESS IS THE SAME
FOR EACH PLY...ONLY THE ORIENTATION ANGLE CAN CHANGE.

Double Precision H, PI, Al1, A12, A22, A16, A26, A66, Add, A4S,
ASS, D11, D12, D22, D16, D26, D66, Ddd, D45, D55, Fl1, F12,

F22, F16, F26, F66, F44, F4s, Fss, H11, H12, H22, H16, H26,

H66, J11, J12, J22, 16, J26, J66, B11, B12, B22, B16, B26,

B66, El1, E12, E22, E16, E26, E66, G11, G12, G22, G16, G26,

(66, 111, 112, 122, 116, 126, 166, TPLY, THETA(100), E1, E2,

GM12, V12, V21, G13, G23, Q11, Q12, Q22, Q44, Q55, Q66,

QBARI1, QBARI12, QBAR16, QBAR22, QBAR2¢, QBAR44, QBARSS,
QBARSS, QBARG6, ZK, ZK 1, TH(100), ZKO, ZK3, ZKS, ZK7, ZK9

PR R R

REDUCED STIFFNESS ELEMENTS IN PRINCIPLE COORDINATES
Q11 = E1/(1.0-V12*V2])

Q12 = V12 * E2/(1.0-VI2*V21)

Q22 = E2/(1.0-V12*V21)

Q44 = G23

Q55 = G13

Q66 = GM12

INITIALIZE ALL STIFFNESS ELEMENTS TO ZERO
All = 0.

Al2=0.

A22 =0.

Al6=0.

A26 =0,

A66 = 0.

Add =0
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A45=0.
A55=0.
Bll =0.
Bi2=0.
B22 =0.
B16 =0,
B26 = 0.
B66 = 0.
Dll1=0.
Dl12=0.
D22 =0.
D16 =0.
D26 = 0.
D66 = 0.
D44 =0.
D45 =0.
D5s=0.

Ell =0.
El2=0.
E2 =0.
El6=0.
E26 = 0.
E66 = 0.
Fil =0
F12=0.
F2=0.
Fl16 =0.
F26 = 0.
F66 = 0.
Fa4 =0
F45 =0.
F55=0.

Gl1=0.
Gl2=0.
G22=0.
Gl16=0.
G26=0.

Hil =0.
Hi2=0.
H22 =0.
H16=0.
H26 = 0.
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H66 = 0.
I11=0.
I112=0.
122=0.
116 =0.
126 = 0.
166 = 0.
Jil=0.
Ji2=0.
J22 =0.
J16 = 0.
J26 = 0.
J66 = 0.

IN ORDER FROM THE FIRST PLY AT Z = - H/2 TO THE TOP PLY AT

z=+ H/2, INPUT THE PLY ORIENTATION ANGLE, THETA. THEN IN

TURN CALCULATE THE QBARS AND THE STIFFNESS ELEMENTS FOR THAT
PLY. REPEAT THE PROCEDURE FOR ALL PLYS, THEN ADD THE PLY
STIFFNESS ELEMENTS TOGETHER TO GET THE LAMINATE STIFFNESS
ELEMENTS.

INITIALIZE Z TO THE BOTTOM OF THE LAMINATE

ZK1=-H/20
Do 101 =1, NPLYS
TH(I) = THETA() * P1/180.0

COMPUTE THE QBARS - TRANSFORMED REDUCED STIFFNESS ELEMENTS
IN GLOBAL COORDINATES.

Ao 6o

QBARI11 = Q11 * DCOS(TH(I)) ** 4 + 2.0 * (Q12+2.0*Q66) *
&  DSIN(TH(I)) ** 2 * DCOS(TH()) ** 2 + Q22 * DSIN(TH(I)) ** 4

QBARI12 = (Q11+Q22-4.0*Q66) * DSIN(TH(I)) ** 2 * DCOS(TH(I)) ** 2
&  + Q12 * (DSIN(TH(I))**4+DCOS(TH(I))**4)

QBARI16 = (Q11-Q12-2.0*°Q66) * DSIN(TH(I)) * DCOS(TH(I)) ** 3 + (
& QI2-Q22+2.0*Q66) * DSIN(TH(I) ** 3 * DCOS(TH(I))

QBAR22 = QI1 * DSIN(TH(I)) ** 4 + 2.0 * (Q12+2.0*Q66) *
& DSIN(TH(I)) ** 2 * DCOS(TH()) ** 2 + Q22 * DCOS(TH()) ** 4

QBAR26 = (Q11-Q12-2.0°Q66) * DSIN(TH(I)) ** 3 * DCOS(TH(I)) + (
& QI2-Q22+2.0*Q66) * DSIN(TH(I)) * DCOS(TH(I)) ** 3

QBAR44 = Q44 * DCOS(TH(I)) ** 2 + Q55 * DSIN(TH(I)) ** 2

QBARA4S5 = (Q44-Q55) * DCOS(TH(I)) * DSIN(TH(I))

QBARSS = Q55 * DCOS(TH(I)) ** 2 + Q44 * DSIN(TH(I)) ** 2

QBARG6 = (Q11+Q22-2.0*Q12-2.0*Q66) * DSIN(TH(I)) ** 2 *
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& DCOS(TH(I)) ** 2 + Q66 * (DSIN(TH(I))**4+DCOS(TH(I))**4)

TOP AND BOTTOM LOCATION OF PLY(I)
ZK = ZK1 +TPLY
¢ EXTENSIONAL STIFFNESS ELEMENTS

ZKO =ZK - ZK]

All = QBARI1 * ZKO + All

Al2 =QBARI2* ZKO + Al2

A22 = QBAR22 * ZKO + A22

Al6 = QBARI16 * ZKO + Al6

A26 = QBAR26 * ZKO + A26

A66 = QBARG66 * ZKO + A66

Ad44 = QBAR44 * ZKO + A44

A45 = QBAR45 * ZKO + A4S

AS5 = QBARSS * ZKO + ASS

¢ COUPLING STIFFNESS ELEMENTS
ZK2 = (ZK**2-ZK1**2) /2.0
Bll = QBARI11 * ZK2 + Bll
B12 = QBARI12 * ZK2 + BI2
B22 = QBAR22 * ZK2 + B22
B16 = QBARI16 * ZK2 + B16
B26 = QBAR26 * ZK2 + B26
B66 = QBARG66 * ZK2 + B66

BENDING STIFFNESS ELEMENTS
ZK3 = (ZK**3-ZK1**3) /3.0
D11 = QBARI1 * ZK3 + D11
D12 = QBARI2* ZK3 + DI2
D22 = QBAR22 * ZK3 + D22
D16 = QBARI16 * ZK3 + D16
D26 = QBAR26 * ZK3 + D26
D66 = QBARG66 * ZK3 + D66
D44 = QBAR44 * ZK3 + D44
D45 = QBAR45 * ZK3 + D45
D55 = QBARSS * ZK3 + D55

[N o]

c
¢ HIGHER ORDER STIFFNESS ELEMENTS
ZK4 = (ZK**4-ZK1**4) /40
Ell = QBARII * ZK4 + Ell
El12 = QBARI12* ZK4 + E12
E22 = QBAR22 * ZK4 + E22
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El6 = QBARI16 * ZK4 + El6
E26 = QBAR26 * ZK4 + E26
E66 = QBARG66 * ZK4 + E66

ZKS5 = (ZK**5-ZK1**5) /5.0
FIl = QBARII * ZK5 + Fl11
F12 = QBARI!2 * ZK5 + F12
F22 = QBAR22 * ZKS5 + F22
F16 = QBARI16* ZKS + F16
F26 = QBAR26 * ZKS + F26
F66 = QBAR66 * ZKS + F66
F44 = QBAR44 * ZK5 + F44
F45 = QBARA4S * ZKS + F45
F55 = QBARSS * ZKS + F55

ZK6 = (ZK**6-ZK1**6) / 6.0
Gl1 = QBARII * ZK6 + Gl1
G12 = QBARI12 * ZK6 + G12
G22 = QBAR22 * ZK6 + G22
Gl16 = QBARI16 * ZK6 + G16
G26 = QBAR26 * ZK6 + G26
G66 = QBARG66 * ZK6 + G66

ZK7 = (ZK**7-ZK1**7) / 70
Hil = QBARII * ZK7 + Hil
HI12 = QBARI2 * ZK7 + H12
H22 = QBAR22 * ZK7 + H22
H16 = QBARI6 * ZK7 + H16
H26 = QBAR26 * ZK7 + H26
H66 = QBARG6 * ZK7 + H66

ZK8 = (ZK**8-ZK1**8) / 8.0
I11 = QBARI11 * ZK8 + 11
I12=QBARI12* ZK8 + 112
122 = QBAR22 * ZK8 + 122
116 = QBAR16 * ZK8 + 116
126 = QBAR26 * ZK8 + 126
166 = QBARG66 * ZK8 + 166

ZK9 = (ZK**9-ZK1**9) /9.0
J11 = QBARI!1 * ZK9 + J11
J12 = QBARI12 * ZK9 + J12
J22 = QBAR22 * ZK9 + J22

149




J16 = QBAR16 * ZK9 + J16
J26 = QBAR26 * ZK9 + J26
J66 = QBARG66 * ZK9 + J66
¢ GO TONEXTLAYER
ZK!l =ZK
10 Continue
Return
End

Subroutine GALERK(PLR,H,A,B,A11,A12,A22 A16,A26,A66,A44,A45 A5S5,
D11,D12,D22,D16,D26,066,D44,D45,D55,F11,F12,F22,F16,F26,F66,
F44,F45 F55H11,H12,H22, H16,H26,H66,J11,112,J22,116,126,)66,
B11,B12,B22,B16,B26,B66,E11,E12,E22 E16,E26,E66,G11,G12,G22,
G16,G26,G66,111,112,122,116,126,166, NBUCVIB,MMAX ,MSIZE,RHO,
STIFF,MASS,BETA,ALPHA EVAL ,EVEC MSIZESQ,REVEC)

PR R R

THIS SUBROUTINE GENERATES THE GALERKIN EQUATIONS AND FORMS

THE MASS AND STIFFNESS MATRICES. THEN IT CALLS DGVCRG, AN

IMSL SUBROUTINE WHICH SOLVES THE EIGENVALUE PROBLEM:
[STIFF){X} = (OMEGA"2 OR N1BAR)[MASS]{X}

O 6 o aq

Double Precision PI, R, H, A, B, All, A12, A22, Al6, A26, A66,
Ad4, A45, AS5,Dl1t, D12, D22, D16, D26, D66, D44, D4S, D55,
F11, F12, F22, F16, F26, F66, F44, F45, FSS, H11, H12, H22,
Hle6, H26, H66, J11,J12, J22,J16, J26, J66, B11, B12, B22,
B16, B26, B66, E11, E12, E22, El6, E26, E66, G11, G12, G22,
G16, G26, G66, 111,112, 122, 116, 126, 166,
STIFF(MSIZE ,MSIZE), MASS(MSIZE MSIZE), AUO, BUO, CUO, EUQ,
GUOQ, AVO, BVO, CVO, EVO, GVO, AW, BW, CW,EW, GW, AJX, BJX,
CJX, EJX, GIX, AJY, BJY, CJY, EJY, GJY
Double Precision AUOMASS, BUOMASS, CUOMASS, EUOMASS, GUOMASS, &
& AVOMASS, BVOMASS,CVOMASS, EVOMASS, GVOMASS, AWMASS, BWMASS,
& CWMASS, EWMASS, GWMASS, AIXMASS, BIXMASS, CIXMASS, EJXMASS,
& GIXMASS, AJYMASS, BIYMASS, CITYMASS, EJTYMASS, GIJYMASS, RHO,
& I2BARPR, I3BARPR, ISBAR, 17,11, I4BAR
Integer P, Q, M, N, MMAX, NMAX
¢ THESE VARIABLES NEEDED FOR THE IMSL EIGENVALUE SOLVER .
Double Precision BETA(MSIZE), REVAL, OMEGA, AGEVAL, AGEVEC,
& REVEC(MSIZESQ)
Double Complex ALPHA(MSIZE), EVAL(MSIZE), EVEC(MSIZE,MSIZE)

PR

NUMBER OF TERMS IN THE ADMISSIBLE FUNCTIONS
NMAX = MMAX
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¢ GENERATE GALERKIN EQUATIONS
I=1
I=1
Do 10 P =], MMAX
Do 10 Q= 1, NMAX
Do 20 M = 1|, MMAX
Do 20 N = |, NMAX

COMPUTE STIFFNESS MATRIX ELEMENTS

O 0 6 0 6

If (M.EQ.P.AND.N.EQ.Q) Then

XS BB EERELA XXX BX R EFRBRERE XX SRR SR EXERR AR R X B RS R X RS KRR R SR SRR

*  The following equations correspond to the Galerkin  *

* Equations for Case I, Eqs 67 through 71 *

SRS ERERRAE SRR EEERR AR ER SRR ER AR RS XL RS XS R R EEER SRR R R EE SRR LS AR SRS SRS
c

** corresponding to Eq (67) **

AUO = -(((12*P1**2*B66*A**3*H**2-16*PI**2*E66*A**3)*Q**2
+(12*P1**2*B11*A*B**2*H**2-16*PI**2*El 1 *A*B**2)*P**2
Y*R**2+(24*PI**2*F66*A**3-18*PI**2*D66*A**3*H**2)*Q
“2‘R+(6‘PI#‘2.E66‘A“3‘H"2_8‘PI“ZOG66‘A.‘3)‘Q“2)

/ (A**2*B*H**2*R**2) /48.0

BUO = -(((12*PI**2*B66+12*PI**2*B12)*A**2*B*H**2+(
-16*PI**2*E66-16*PI**2*E12)*A**2*B)*P*Q*R**2+((
-6*PI**2*D66-12*PI**2*D12)*A**2*B*H**2+(8*PI**2*F66+
16*PI**2*F12)*A**2*B)*P*Q*R) / (A**2*B*H**2*R**2) /
48.0

CUO = -(((-32*PI**3*E66-16*PI**3*E12)*A**2*P*Q**2-16*P1
**3*EL11*B**2*P**3)*R**2+((32*PI**3*F66+16*PI**3*F12)
‘A“z‘p‘Q“z_lthI‘Al2.A.tz.B“ZtH.‘z.P)‘R_slPI‘.3‘
G66*A**2*P*Q**2) / (A**2*B*H**2*R**2) / 48.0

EUO = -((12*PI**2*A66*A**3*H**2*Q**2+12*PI**2* A1 1*A*B**2

& *H**2*P**2)*R**2-12*PI**2*B66* A**3*H**2*Q**2*R +3*PI

& ‘OZOD66‘A.‘3‘H..2‘Q“2) / (A“Z*B‘H"Z‘R“Z) / 480

GUO = «((12*PI**2*A66+12*PI**2*A12)*A**2*B*H**2*P*Q*R**2
& -3*PI**2*D66*A**2*B*H**2*P*Q) / (A**2*B*H**2*R**2) /
& 48.0

PP R

PR

PR R

** corresponding to Eq (68) **
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AVO = (((12°PI**2*B66+ 1 2*P[**2*B12)*A*B**2* H**2+(
-16*PI**2*E66-16*PI**2*E12)* A*B**2)*P*Q*R**2+(8*PI**
2*F66* A*B**2-6*PI**2*D66*A* B**2* H**2)*P*Q*R +(8*PI**2
‘G66‘A'Bﬁ‘2_6‘PI#‘2‘E66#A.Bt‘2tH“2)‘P#Q) / (A‘Bt#z#
H**2*R**2) / 48.0

BVO = -(((12°PI**2*B22*A**2* B*H**2-16*PI**2*E22* A**2*B)*
Q**2+(12*PI**2*B66*B**3* H**2-16*PI**2*E66* B**3)*P**2
)*R**2+((16*PI**2*F22* A**2*B.12*PI**2*D22* A**2* B*H**
2)‘Q‘#2+(6‘P1tt2#D66tB#t3tH“2_8‘PI‘#2#F66‘B#t3)lpt'
2)*R) / (A*B**2*H**2*R**2) / 48.0

CVO = -((((-32*PI**3*E66-16*PI**3*E1 2)* B**2*P**2
)*Q-16*PI**3*E22*A**24Q**3)*R**2+(16*PI**3*F22*A**2*
Qtt3_l2‘PI‘AZz‘A‘tz*B‘tthttztQ)‘R+8#PI“3¢G66tB#t2‘
P.‘Z‘Q) / (48*A#Bt‘2#H‘.23R##2)

EVO = -((12*PI**2*A66+12*PI**2* A12)*A*B**2*H**2*P*Q*R **2
_3#PI‘#2#D66*A.B#'2*H‘tz#P#Q) / (A‘Bt‘z‘H‘*z#Rt‘z) /
48.0

GVO = ((12°PI**2*A22* A**2* B*H**2*Q**2+12*PI**2* A66* B**3
‘H“z‘P“z).R.‘2+12‘PI"2#B66.B"3‘H“2‘Pt.2tR+3#PI
*22¢ D662 B** 32 H**2*P**2) / (A*B**2*H**2*R**2) / 48.0

** corresponding to Eq (69) **

AW = (((24*PI**5*F66+12*PI**5*F12)*A**3*B**2*H**2+(
-32*PI**5*H66-16*PI**5*H12)*A**3*B**2)*P**2*Q**3+((
12*PI**5*F11*A*B**4*H**2-16*PI**5*H11*A*B**4)*P**4+(
-9*PI**3*AS5*A**3*B**4*H**4+72*PI**3*D55*A**3*B**4*H
*#2_144*PI**3*E55*A**3*B**4)*P**2)*Q) / (PI**2*A**3*
B**3*H**4*P*Q)/36.0

AW2 = ((((-36*PI**5*G66-12*PI**5*G12)*A**3*B**2*H**2+(48
*PI**5*166+16*PI**5*112)*A**3*B**2)*P**2*Q**3+(9*PI
s [IsARIePre o[ 424 [ J*P[**I*E[2*A**3*B**4*H**2)*
P**2*Q)*R+(12*PI**5*H66*A**3*B**2*H**2-16*PI**5*J66*
A**3*B**2)*P**2*Q**3) / (PI**2*A**3*B**3*H**4*P*Q*R
**2)/36.0

AW = AW} + AW2

BW1 = ((12*PI**5*F22*A**4*B*H**2-16*PI**5*H22*A**4*B)*P*
Q**4+(((24*PI**5*F66+12*PI**5*F12)*A**2*B**3*H**2+(
-32*PI**5*H66-16*PI**5*H12)*A**2*B**3)*P**3+(-9*PI**
3*AA4*A**4*B**3*H**4+72*PI**3*D44* A**4*B**3* H**2-144
*P[**3*F44*A**4*B**3)*P)*Q**2) / (PI**2*A**3*B**3*H
$24*P*Q) / 36.0

BW2 = (((32*PI**5*122*A**4*B-24*PI**5*G22*A**4*B*H**2)*P
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*Q**4+(((-12*PI**5*G66-12*PI**5*G12)*A**2*B**3*H**2+
(16*PI**5*166+16*PI**5*112)* A**2*B**3)*P**3+(9*PI**3
*B22*A**4*B**3*H**4-12*PI**3*F22*A**4*B**3*H**2)*P)*
Q**2)*R+(12*PI**5*H22*A**4*B*H**2-16*PI**5*J22*A**4*
B)*P*Q**4+(12*PI**3*F22*A**4*B**3*H**2-9*PI**3*D22*A
#x4sBre3rH**4)*P*Q**2) / (PI**2*A**3*B**3*H**4*P*Q*R
**2)/36.0

BW = BW] + BW2

CWI1 = (-16*PI**6*H22*A**4*P*Q**5+((-64*P1**6*H66-32*PI**
6*H12)*A**2*B**2*P**3+(-9*PI**4* Ad4*A**4*B**2*H**4+
T2*PI**4*DA4*A**4* B**2*H**2-144*PI**4*F44* A**4*B**2)
*P)*Q**3+((-9*PI**4*A55* A **2* B**4* H**4+72*P[**4*D55*
A**2*B**4*H**2-|44*PI**4*F55* A**2*B**4)*P**3.! DO[**
6*H11*B**4*P**5)*Q) / (PI**2*A**3*B**3*H**4*P*() /
36.0

CW?2 = ((32*PI**6*122*A**4*P*Q**5+((64*PI**6*166+32*PI**6
*[12)*A**2*B**2*P**3.24*P[**4*E22*A**4*B**2*H**2*P)*
Q**3-24*PI**4*E[2*A**2*B**4*H**2*P**3*Q)*R-16*PI**6*
J22* A**4*P*Q**5+(24*PI**4*F22*A**4*B**2*H**2*P-16*PI
226266 A**2*B**2*P**3)*Q**3-9*PI**2* A22* A**4*B**4*H
*+4*P*Q) / (PI**2*A**3*B**3*H**4*P*Q*R**2) / 36.0

CW =CWI1 + CW2

EW = (((24*PI**5*E66+12*PI**5*E12)*A**3*B**2*H**2*P**2*Q
#4341 [2*P]**5*E11*A*B**4*H**2*P**4*Q)*R**2+((-24*PI**
5*F66-12*PI**5*F12)*A**3*B**2*H**2*P**2*Q**3+9*PI**3
*A12*A**3*B**4*H**4*P**2*Q)*R+6*PI**5*G66*A**3*B**2*
H**2*P**2*Q**3) / (PI**2*A**3*B**3*H**4*P*Q*R**2) /
36.0

GW = ((12*PI**5*E22*A**4*B*H**2*P*Q**4+(24"PI**5*E66+12*
PI**5*E12)*A**2*B**3*H**2*P**3*Q**2)*R**2+(9*PI**3*
A22*A**4*B**3*H**4*P*Q**2-12*PI**5*F22* A**4*B*H**2*P
*Q**4)*R-6*PI**5*G66*A**2*B**3*H**2*P**3*Q**2) / (P]
se)s A*e3ePesIap es4+P+Q*R**2) / 36.0

** corresponding to Eq (70) **

AJX = -(((18*PI**2*D66*A**3*H**4-48*PI**2*F66*A**3*H**2+
32*PI**2*H66*A**3)*Q**2+(18*PI**2*DI11*A*B**2*H**4-48
*PI**2*F11*A*B**2*H**2+32*PI**2*H11*A*B**2)*P**2
+18*AS55*A**3*B**2*H**4-144*D55*A**3*B**2*H**2+288*
F55*A**3*B**2)*R**2+(-36*PI**2*E66*A**3*H**4+96*PI**
2*G66*A**3*H**2-64*PI**2*166*A**3)*Q**2*R +(18*PI**2*
F66*A**3*H**4-48*PI**2*H66*A**3*H**2+32*PI**2*j66*
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A**3)*Q**2) / (T2*A**2*B*H**4*R**2)

BIX = -(((18*PI**2*D66+18*PI**2*D12)*A**2*B*H**4+(
-48*PI**2*F66-48*PI**2*F12)*A**2*B*H**2+(32*PI**2*
H66+32*PI**2*H12)*A**2*B)*P*Q*R**2+((-18*PI**2*E66-
[8*PI**2*E12)*A**2*B*H**4+(48*P1**2*G66+48*PI**2*G12
YA**2*B*H**2+(-32*PI**2*166-32*PI**2*112)*A**2*B)*P
*Q*R)/ (A**2*B*H**4*R**2)/ 72.0

CIXA = -((((-48*PI**3*F66-24*PI**3*F 1 2)*A**2*H**2+(64*PI
**3*H66+32*PI**3*H12)*A**2)*P*Q**2+(32*PI**3*H| | *B**
2-24*PI**3*F11*B**2*H**2)*P**3+(18*PI*A55*A**2*B**2*
H**4-144*PI*DS55*A**2*B**2*H**2+288*PI*F55*A**2*B**2)
*P)*R**2+(({72*PI**3*G66+24*PI**3*G12)*A**2*H**2+(
-96*PI**3*166-32*PI**3*112)*A**2)*P*Q**2+(24*PI*EI2
*A**)*B**2*{**2.|8*P[*B12*A**2*B**2*H**4)*P)*R +(32*
PI**3*J66*A**2-24*PI**3*H66*A**2*H**2)*P*Q**2)

CIX = CIXA/(72*A**2*B*H**4*R**2)

EJX = -(((18*PI**2*B66*A**3*H**4-24*PI**2*E66*A**3*H**2)
*Q**2+(18*PI**2*B11*A*B**2*H**4-24*PI**2*El | *A*B**2*
H**2)*P**2)*R**2+(36*PI**2*F66*A**3*H**2-27*PI**2*
D66*A**3*H**4)*Q**2*R+(9*PI**2*E66*A**3*H**4-12*PI**
2*G66*A**3*H**2)*Q**2) / (A**2*B*H**4*R**2) / 72.0

GIX = -(((18*PI**2*B66+18*PI**2*Bl2)*A**2*B*H**4+(
-24*PI**2*E66-24*PI**2*E12)*A**2*B*H**2)*P*Q*R**2+(
12*PI**2*F66*A**2*B*H**2-9*P1**2*D66*A**2*B*H**4)*P*
Q*R+(12*PI**2*G66*A**2*B*H**2-9*PI**2*E66*A**2*B*H**
4)*P*Q) / (A**2*B*H**4*R**2) / 72.0

** corresponding to Eq (71)

AJY = -(((18*PI**2*D66+18*PI**2*D12)*A*B**2*H**4+(
-48*PI**2*F66-48*PI**2*F12)*A*B**2*H**2+(32*PI**2*
H66+32*PI**2*H12)*A*B**2)*P*Q*R**2+((-18*PI**2*E66-
18*PI**2*E12)*A*B**2*H**4+(48*PI**2*G66+48*PI**2*(G12
Y*A*B**2*H**2+(-32*PI**2*166-32*PI**2*112)*A*B**2)*P
*Q*R)/(A*B**2*H**4*R**2)/ 72.0

BJY = -(((18*PI**2*D22*A**2*B*H**4-48*PI**2*F22*A**2*B*
H**2+32*PI**2*H22*A**2*B)*Q**2+(18*PI**2*D66*B**3*H
**4-48*PI**2*F66*B**3*H**2+32*PI**2*H66*B**3)*P**2+
l8‘A44‘A‘.2‘B“3‘H.‘4_144‘D44‘A“2‘B“3‘H¥.2+288‘
F44*A**2%B**3)*R**2+(-36*PI**2*E22*A**2*B*H**4+96*P1
*#2*G22*A**2*B*H**2-64*PI**2*122* A**2*B)*Q**2*R +(18*
PI**2*F22*A**2*B*H**4-48*PI**2*H22* A **2*B*H**2+32*PI
**2%J22*A**2*B)*Q**2) / (A*B**2*H**4*R**2) / 72.0
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CIY1 = -((32*PI**3*H22* A**2-24*P]**3*F22* A**2*H**2)*Q**3
+(((-48*PI**3*F66-24*P1**3*F12)*B**2*H**2+(64*PI**3*
H66+32*PI**3*H12)*B**2)*P**2++18*PI*A44*A**2*B**2*H
**4-144*PI*D44*A**2*B**2*H**2+288*PI*F44*A**2*B**2)*
Q) / (A*B**2*H**4)/72.0

CIY2 = -(((48*PI**3*G22*A**2*H**2-64*P[**3*[22*A**2)*Q**
3+(((24*PI**3*G66+24*PI**3*G12)*B**2*H**2+(-32*PI**3
*166-32*PI**3*112)*B**2)*P**2-18*PI*B22*A**2*B**2*H
*#4+24*PI*E22*A**2*B**2*H**2)*Q)*R+(32*PI**3*J22*A**
2-24*PI**3*H22*A**2*H**2)*Q**3+(18*PI*D22*A**2*B**2*
H**4-24*PI*F22*A**2*B**2*H**2)*Q) / (A*B**2*H**4*R**
2)/72.0

CYY =CJY!1 +CJY2

EJY = -(((18*PI**2*B66+18*PI**2*B12)*A*B**2*H**4+(
-24*PI**2*E66-24*P1**2*E12)*A*B**2*H**2)*P*Q*R**2+((
-9*PI**2*D66-18*PI**2*D12)*A*B**2*H**4+(12*PI**2*F66
+24*PI**2*F12)*A*B**2*H**2)*P*Q*R) / (A*B**2*H**4*R
*»*2/720

GJIY = -(((18*PI**2*B22*A**2*B*H**4-24*PI**2*E22*A**2*B*H
‘QZ)tQ‘tz_,,(l8‘PI#$2$B66tBtt3th‘4_24¢PI‘t2tE66tB#t3t
H**2)*P**2)*R**2+((24*PI**2*F22*A**2*B*H**2-18*PI**2
*D22*A**2*B*H**4)*Q**2+(9*PI**2*D66*B**3*H**4-12*PI]
*2*E66*B**3*H**2)*P**2)*R) / (A*B**2*H**4*R**2) /

720

Else If (MOD(M+P,2).NE.0.AND.MOD(N+Q,2).NE.0) Then

SEESEEXEERERRR AL BN SRR KB RREBEERE R LSRR B RS EERER AR RER LR A XSRS E %

*  The following equations correspond to the Galerkin

Equations for Case II, Eqs 72 through 76 *

SEEEEE AR SRS AL EEB AR SRS RS ER XX SR SRSEEBE SR CREE AR R B AR ER R LR SRR R RN

o fo R

P

** corresponding to Eq (72)

AUO = ((24*PI*B16*A*B**2*H**2-32*PI*E16*A*B**2)*M**2*N*
Q*R**2+(24*PI*F16*A*B**2-18*PI*D16*A*B**2*H**2)*M**
ZON‘Q‘R) / (((3thtAtBtt2aHtt2tp‘t2_3tPItA.Btt2.Htt2
‘M"Z)‘Q"2-3‘PI'A‘B"Z‘H"2‘N"2‘P“2+3‘PI‘A‘B"2‘H
*+2*M*+2*N**2)*R**2)

BUO = (((12*PI*B26*A**2*B*H**2-16*PI*E26*A**2*B)*M*N**2+
(12*PI*B16*B**3*H**2-16*PI*E16*B**3)*M**3)*Q*R**2+(
24*PI*F26*A**2*B-18*PI*D26*A**2*B*H**2)*M*N**2*Q*R +(
6*PI*E26*A**2*B*H**2-8*PI*G26*A**2*B)*M*N**2*Q) / ((
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(3*PI*A*B**2*H**2*P**2-3*PI*A*B**2*H**2*M**2)*Q**2-3
SPI*A*B**2*H**2*N**2*P**2. 3*P[*A*B**2*H**2*M**2*N**2
y*R**2)

CUO = ((-16*PI**2*E26*A**2*M*N**3-48*PI**2*E16*B**2*M**3
*N)*Q*R**2+(24*PI**2*F26*A**2*M*N**3+(24*PI**2*F16*B
e M**3. |22 A26*A**2*B**2*H**2*M)*N)*Q*R+(6*B26* A**2
*B**2*H**2*M*N-8*PI**2*G26*A**2*M*N**3)*Q) / (((3*P1
s ASB**2*H**2*P**2.3*P[* A*B**2*H**2*M**2)*Q**2-3*PI*A
*Re*2sH* s N**2*P**2+ 3%P[*A*B**2*H**2*M**2*N**2)*R**
2)

EUO = (24*PI*A16*A*B**2*H**2*M**2*N*Q*R**2-12*PI*B16*A*B
sapereda\[+*2*N*Q*R) / (((3*PI*A*B**2*H**2*P**2-3*P]
*A*B**2*H**2*M**2)*Q**2-3*PI*A*B**2*H**2*N**2*P**2+3
*PI*A*B**2*H**2*M**2*N**2)*R**2)

GUO = ((12*PI*A26*A**2*B*H**2*M*N**2+12*PI*A16*B**3*H**2
*M**3)*Q*R**2+(6*PI*Bl16*B**3*H**2*M**3-6*PI*B26*A**2
*B*H**2*M*N**2)*Q*R) / (3*PI*A*B**2*H**2*P**2.3*P]
*A*B**2H**2*M**2)*Q**2-3*PI* A*B**2*H**2*N**2*P**2+3
*pI* A*B**2*H**2*M**2*N**2)*R**2)

** corresponding to Eq (73) **

AVO = (((12*PI*B26*A**3*H**2-16*PI*E26*A**3)*N**3+(12*P1
*Bl16*A*B**2*H**2-16*PI*E16*A*B**2)*M**2*N)*P*R**2+((
16*PI*F26*A**3-12*PI*D26* A**3*H**2)*N**3+(6*PI*D16*A
*B**2*H**2-8*PI*F16*A*B**2)*M**2*N)*P*R) / (((3*PI*A
#e Qs Re{*2)sPrs) JeP[* A** 24 PrH**2*M*#2)*Q**2-3*PI*A**
2*B*H**2*N**2*P**2+3*P[*A**2*B*H**2*M**2*N**2)*R **2)

BVO = ((24*PI*B26*A**2*B*H**2-32*PI*E26*A**2*B)*M*N**2*P
*R**2+(8*PI*F26*A**2*B-6*PI*D26*A**2*B*H**2)*M *N**2*
P*R +(8*PI*G26*A**2*B-6*PI*E26*A**2*B*H**2)*M*N**2*P)
/ ({(3*PI*A**2*B*H**2%P**2.3*P[*A**2*B*H**2*M**2)*Q
*2) JEP[*A**I*RAH** 2 N**2*P** 2+ 3*P[*A**2*B*H**2*M**2
*N**2)*R**2)

CVO = ((-48*PI**2*E26*A**2*M*N**3-16*PI**2*E16*B**2*M**3
*N)*P*R**2+(24*PI**2*F26*A**2*M*N**3+(-8*PI**2*F16*B
**2*M**3.12*A26*A**2*B**2*H**2*M)*N)*P*R +(8*PI**2*
G26*A**2*M*N**3-6*B26*A**2*B**2*H**2*M*N)*P) / (((3*
PI*A**2*B*H**2*P**2-3*P[*A**2*B*H**2*M**2)*Q**2-3*PI
s AP BeH**2*N**2*P**2+3*P[*A**2*B*H**2*M**2*N**2)*R
**2)

EVO = ((12*PI*A26*A**3*H**2*N**3+12*PI*A16*A*B**2*H**2*M
*22*N)*P*R**2+(6*PI*Bl16*A*B**2*H**2*M**2*N-6*PI*B26*
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A**3*H**2*N**3)*P*R) / (((3*PI*A**2*B*H**2*P**2.3*P]
AR BEH* 2  M**2)* Q**2-3*PI* A**2* B*H**2*N**2*P**2+3
*PI*A**2*B*H**2*M**2*N**2)*R**2)

GVO = (24*PI*A26*A**2*B*H**2*M*N**2*P*R**2+ | 2*PI*B26*A**
2*B*H**2*M*N**2*P*R) / (((3*PI*A**2*B*H**2*P**2-3*PI
* AT BEH**2*M**2)*Q**2-3*PI*A**2*B*H**2*N**2*P**2+3
*PI*A**2*B*H**2*M**2*N**2)*R**2)

** corresponding to Eq (74) **

AW] = -((48*PI**2*F26* A**3*H**2-64*PI**2*H26* A**3)*N**3+
((144*PI**2*F16*A*B**2*H**2-192*PI**2*H16*A*B**2)*M
*%2.36*Ad45*A**3*B**2*H**4+288*D45*A**3*B**2*H**2-576
*F45*A**3*B**2)*N) * P * Q/ ((9*PI*A**2*B**2*H**4*P
#52.9sP[*A** ¥ B2t H**4*M**2)*Q**2-9*PI*A**2*B**2*H
$44*N*#20P*42+Q*P[* A ** 2+ B**2* H**4* M**2* N**2)

AW2 = (((128*PI**2*126*A**3-96*PI**2*G26*A**3*H**2)*N**
3+((128*PI**2*116*A*B**2-96*PI**2*G16*A*B**2*H**2)*M
*224+36*B26*A**3*B**2*H**4-48*E26*A**3*B**2*H**2)*N)*
P*Q*R+((48*PI**2*H26*A**3*H"**2-64*PI**2*J26*A**3)*N
**3+(48*F26*A**3*B**2*H**2-36*D26*A**3*B**2*H**4)*N)
*P*Q) / (((9*PI*A**2*B**2*H**4*P**2-9*P[*A**2*B**2*H
#2040 M*#2)*Q**2-9*PI* A**2*B**2* H**4*N**2*P**2+9*P[*A
saQeRead s o \[*+24N**2)*R**2)

AW = AW] + AW2

BWI1 = -((144*PI**2*F26*A**2*B*H**2-192*PI**2*H26*A**2*B)
*M*N**2+(48*PI**2*F16*B**3*H**2-64*PI**2*H16*B**3)*M
**3+(-36*A45*A**2*B**3*H**4+288*D45* A**2*B**3*H**2-
576*F45*A**2*B**3)*M) * P * Q/ ((9*PI*A**2*B**2*H**
4*P**2-9*P[*A**2*B**2*H**4*M**2)*Q**2-9*PI*A**2*B**2
*H**4*N**2*P**24+-9*PI* A **2+B** 2+ H**4*M**2*N**2)

BW2 =(((256*PI**2*126*A**2*B-192*PI**2*G26*A**2*B*H**2)
*M*N**2+(36*B26*A**2*B**3*H**4-48*E26*A**2*B**3*H**2
V*M)*P*Q*R +(48*PI**2*H26*A**2*B*H"**2-64*PI**2*]26*A
*22¢B)*M*N**2*P*Q) / ({9*PI*A**2*B**2*H**4*P**2.9*
PI*A**2*B**2*H**4*M**2)*Q**2-9*PI* A**2*B**2*H**4*N**
2*P**2+9*PI*A**2*B**2*H**4*M**2*N**2)*R**2)

BW = BW| + BW2

CW = ((((-72*PI*A45*A**2*B**2*H**4+576*PI*D45*A**2*B**2
*H**2-1152*PI*F45*A**2*B**2)*M-256*P1**3*H16*B**2*M
**3)*N-256*PI**3*H26*A**2*M*N**3)*P*Q*R**2+(384*PI**
3*126*A**2*M*N**3+(128*PI**3*116*B**2*M**3-192*P]*
E26*A**2*B**2*H**2*M)*N)*P*Q*R+(96*PI*F26*A**2*B**2*

157




PRRRERR PR

R R

P ER

PR R

R R

H**2*M*N-128*PI**3*J26*A**2*M*N**3)*P*Q) / (9*PI*A
ttztBttthtt4tPatz_g-PItAttzaBttthtt4tMtt2)tQtt2_9t
PI*A**2%Bas e *%4* N*+I*P*%D L Q#P[* A $# s Rrs)s {554+ \[**D
*N**2)*R**2)

EW = -((48*PI**2*E26*A**3*H**2*N**3+144*P[**2*E16*A*B**2
*H**2*M**2*N)*P*Q*R**2+((36*A26* A**3*B**2*H**4.72*PI]
*# 2 E6*A*B**2*H**2*M**2)*N-72*P[**2*F26*A**3*H**2*N
*23)*P*Q*R+(24*PI**2*G26*A**3*H**2*N**3-18*B26* A **3*
B**2*H**4*N)*P*Q) / ((9*PI*A**2*B**2*H**4*P**2.9*P]
tAttZtBttantt4tMttz)thtz_gthtAttanttthtt4tNt¢23
P**2+9*PI*A**2*B**2* H**4*M**2*N**2)*R**2)

GW = -((144*PI**2*E26*A**2*B*H**2*M*N**2+48*PI**2*E16*B
*¥ e *2*M**3)*P*Q*R**2+(-72*PI**2*F26*A**2*B*H**2*M
*N**2+24*PI**2*F16*B**3*H**2*M**3+36*A26*A**2*B**3*H
**4*M)*P*Q*R+(18*B26*A**2*B**3*H**4*M-24*PI**2*G26*A
*42¢B*H**2*M*N**2)*P*Q) / (((9*PI*A**2*B**2*H**4*p*+*
2-9*PI*A**2*B**2*H**4*M**2)*Q**2-9*PI*A**2*B**2*H**4
*N*¢2¢P**2+9*P[*A**2*B**2*H**4*M**2*N**2)*R**2)

** corresponding to Eq (75) **

AJX = ((72*PI**2*D16*A*B**2*H**4-192*PI**2*F16*A*B**2*H**
2+128*PI**2*HI16*A*B**2)* M**2*N*Q*R**2+(-72*PI**2*E]
6*AB**2*H**4+192*PI**2*G16*A*B**2*H**2-128*PI**2*]1
6*A*B**2)*M**2*N*Q*R)/(((9*PI**2*A*B**2*H**4*P*+2.9
SPI**2* ASB**2*H**4*M**2)*Q**2-9*P[**2* A*B**2*H**4*N
$29P39D LQEPIF* S A SBEIDI R4S N[#920N*+#2)* R *+2)

BJX1 = ((36*PI**2*D26*A**2*B*H**4-96*PI**2*F26*A**2*B*H
**2+64*PI**2*H26*A**2*B)*M*N**2+(36*PI**2*D16*B**3*H
**4-96*PI**2*F16*B**3*H**2+64*PI**2*H16*B**3)*M**3+(
36*A45*A**2*B**3*H**4-288* D45*A**2*B**3*H**2+576*F45
*A**2*B**3)*M) * Q/ ((9*PI**2*A*B**2*H**4*P**2.9*P|
#22% ASB**2 H*24* M **2)*Q**2-9*PI** 25 A*B**2* H**4* N**2*
P**2+9*PI**2*A*B**2*H**4*M**2*N**2)

BIX2 = ((-72*PI**2*E26*A**2*B*H**4+192*PI**2*G26*A**2*B*
H**2-128*PI**2*126*A**2*B)*M*N**2*Q*R +(36*PI1**2*F26*
A**2*B*H**4-96*PI**2*H26*A**2*B*H**2+64*PI**2*]26*A
**2*B)*M*N**2*Q) / (9*PI**2*A*B**2*H**4*P**2.9*P]
#2)8 ASBeRYFH*24*M*42)*Q**2.9%PI*# 2% ASBre P[P o4 s N**D*
P**2+9*PI**2* A*B**2*H**4*M**2*N**2)*R**2)

BJX = BJX1 + BJX2

CIX1 = ((64*PI**3*H26*A**2-48*PI**3*F26*A**2*H**2)*M*N**
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3+((192*PI**3*H16*B**2-144*PI**3*F16*B**2*H**2)*M**3
+(36*PI*A45*A**2*B**2*H**4-288*PI*D45*A* *2*B**2*H**2
+576*PI*F45*A**2*B**2)*M)*N) * Q/ ((9*PI**2*A*B**2*
H**4*P**2.9*PI**2* A*B**2*H**4*M**2)*Q**2-9*PI**2*A*B
$EQPH R YIN**2*P**2+9*PI*+2* A*B**2* H**4* M **2*N**2)

CJIX2 = (((96*PI**3*G26*A**2*H**2-128*PI**3*126*A**2)*M*
N**3+((96*PI**3*G16*B**2*H**2-128*PI**3*116*B**2)*M
**3+(48*PI*E26*A**2*B**2*H**2-36*PI*B26*A**2*B**2*H
**4)*M)*N)*Q*R +((64*PI**3*J26* A**248*PI**3*H26*A**2
*H**2)*M*N**3+(36*PI*D26*A**2*B**2*H**4-48*PI*F26*A
#22¢B*e2*H**2)*M*N)*Q) / ((9*PI**2*A*B**2*H**4*P**2
-9*P[**2* A*B**2*H**4*M**2)*Q**2-9*PI**2*A*B**2*1{**4*
N*#2#P*#219*P[*#2* A *B**2* [ **4* M **2*N**2)*R **2)

CIX =CJX1 + CIX2

EJX = ((72*PI**2*B16*A*B**2*H**4-96*PI**2*E16*A*B**2*H**
2)*M**2*N*Q*R**2+(72*PI**2*F16*A*B**2*H**2-54*P**2*
D16*A*B**2*H**4)*M**2*N*Q*R) / ((9*PI**2*A*B**2*H**
4*P**2-9*P]**2* A*B**2*H**4*M**2)*Q**2-9*P[**2*A*B**2
*H**4*N**2*P**2+9*P[**2* A*B**2*H**4*M**2*N**2)*R**2)

GJIX = (((36*PI**2*B26*A**2*B*H**4-48*PI**2*E26*A**2*B*H
**2)*M*N**2+(36*PI**2*B16*B**3*H**4-48*PI**2*E16*B**
3*H**2)*M**3)*Q*R**2+((48*PI**2*F26*A**2*B*H**2-36*
PI**2*D26*A**2*B*H**4)*M*N**2+(18*PI**2*D16*B**3*H**
4-24*PI**2*F16*B**3*H**2)*M**3)*Q*R) / (((S*PI**2*A*
B**2*H**4*P**2-9*PI**2* A*B**2*H**4*M**2)*Q**2-9*P]**
2EATBrEOsH e N**O*Dee) L GrP[*e0* A SR 224 M **2* N **
2)*R**2)

** corresponding to Eq (76)

AJY1 = ((36*PI**2*D26*A**3*H**4-96*PI**2*F26*A**3*H**2+
64*PI**2*H26*A**3)*N**3+((36*PI**2*D16*A*B**2*H**4-
96*PI**2*F16*A*B**2*H**2+64*PI**2*HI6*A*B**2)*M**2+
36*A45*A**3*B**2*H**4-288*D45*A**3*B**2*H**2+576*F45
*A**3*B**2)*N) * P/ ((9*PI**2*A**2*B*H**4*P**2.9*P]

*2)8 ARSI EPRFega)[#20)*Q*2D.9SP[#2 2% A **2* B F P4 N**2*
P**2+9*PI**2* A**2*B*H**4*M**2*N**2)

AJY2 = ((-72*PI**2*E26*A**3*H**4+192*PI**2*G26*A**3*H**2
-128*PI**2*126* A**3)*N**3*P*R +(36*PI**2*F26*A**3*H**
4-96*PI**2*H26*A**3*H**2+64*PI**2*J26*A**3)*N**3*P)

/ (((9*PI**2* A**2*B*H**4*P**2.9%P]**2* A**2*B*H**4*M
#22)5(Q*#2.9*P[#*2* A ** QX P *# SN $3)#P*5) 1 G*P]s# 28 A #*)
*B*H**4*M**2*N**2)*R**2)
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AJY = AJY1 + ATY2

BIY = ((72*PI**2*D26*A**2*B*H**4-192*PI**2*F26*A**2*B*H
**2+128*PI**2*H26*A**2*B)*M*N**2*P*R**2+(-72*P]**2*
E26*A**2*B*H**4+192*PI**2*G26*A**2*B*H**2-128*PI**2*
126*A**2*B)*M*N**2*P*R) / ((9*PI**2*A**2*B*H**4*P**
2-9*PI**2* A**2*BrH**4*M**2)*Q**2-9*PI**2*A**2*B*H**4
SN**29P**0+G*P[*#2% A $52* B+ **4*M**2*N**2)*R**2)

CIY1 = ((192*PI**3*H26*A**2-144*PI**3*F26*A**2*H**2)*M*N
**3+((64*PI**3*H16*B**2-48*PI**3*F16*B**2*H**2)*M**3
+(36*PI*A45*A**2*B**2*H**4-288*PI*D45* A**2*B**2*H**2
+576*PI*F45*A**2*B**2)*M)*N) * P/ ((9*PI**2*A**2*B*
H**4*P**2.9*PI**2* A**25 B+H**4* M **2)*Q**2-9*P[**2*A**
2 BrH**4*N**2*P**2+9*P[**2* A *#*2* BrH**4*M**2*N**2)

CIY2 = (((192*PI**3*G26*A**2*H**2-256*PI**3*[26*A**2)*M*
N**3+(48*PI*E26*A**2*B**2*H**2-36*PI*B26*A**2*B**2*H
**4)*M*N)*P*R +(64*PI**3*J26*A**2-43*PI**3*H26*A**2*H
**2)*M*N**3*P) / (9*PI**2*A**2*B*H**4*P**2-9*PI**2
*AS*ISBrH*4* M**2)*Q**2-9*P[**2* A **2* B* H* *4*N**2*P**
2+9%PI**2*A**2* B*H**4*M**2*N**2)*R**2)

CJY =CIY1 +CJY2

EJY = (((36*PI**2*B26*A**3*H**4-48*PI**2*E26*A**3*H**2)*
N**3+(36*PI**2*B16*A*B**2*H**4-48*PI**2*E16*A*B**2*H
*#2)*M**2*N)*P*R**2+(72*PI**2*F26*A**3*H**2-54*PI**2
*D26*A**3*H**4)* N**3*P*R +(18*PI**2*E26*A**3*H**4-24*
PI**2*G26*A**3*H**2)*N**3*P) / (9*PI**2*A**2*B*H**
45P**2.9*PI**2* A**2*BrH**4* M **2)*Q**2-9*PI**2*A**2*B
*H**4*N**20P**2+9*P[**25 A **#2* B H**4*M**2*N**2)*R**2)

GJY = ((72*PI**2*B26*A**2*B*H**4-96*PI**2*E26*A**2*B*H**
2)*M*N**2*P*R**2+(24*PI**2*F26*A**2*B*H**2-18*PI**2*
D26*A**2*B*H**4)*M*N**2*P*R +(24*PI**2*G26*A**2*B*H**
2-18*PI**2*E26*A**2*B*H**4)*M*N**2*P) / (((9*PI**2*A
*e)sBrs54sPe*) g PI**)s A S BEH **4* M **2)*Q**2-9*P]
2270 A xu)ePef rs e\ **)0Pre) geP[r*I* A ** 2+ B **4* M **2*N
*#2)sR**2)

Else

AUO=0.0
BUO=0.0
Cuo =00
EUO =00
GUO =00
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AVO =00
BVO =00
Cvo =00
EVO =00
GvVO =00
AW =00
BW =0.0
Cw=0.0
EW=00
GW =00
AJX =00
BiIX=00
CIX=00
EJX=0.0
GJX=0.0
AJY =00
BJY =00
ClY =00
EJY =00
GJY =00
End If

STORE THESE TERMS IN THE STIFFNESS MATRIX

QOOOO

STIFF(LJ) = AU
STIFF(LJ+MM  “*NMAX) = BUO

STIFF(I,J+2* X*NMAX) = CUO

STIFF(IJ+3*  AX*NMAX) = EUO

STIFF(I,J+4*M MAX*NMAX) = GUO
STIFF(I+MMAX*NMAX,J) = AVO
STIFF(I+MMAX*NMAX,J+MMAX*NMAX) = BVO
STIFFI+MMAX*NMAX,J+2*MMAX*NMAX) = CVO
STIFF(I+MMAX*NMAX,J+3*MMAX*NMAX) = EVO
STIFF(I+MMAX*NMAX,J+4*MMAX*NMAX) = GVO
STIFF(I+2*MMAX*NMAX,J) = AW
STIFF(I+2*MMAX*NMAX J+MMAX*NMAX) = BW
STIFF(1+2*MMAX*NMAX J+2*MMAX*NMAX) = CW
STIFF(I+2*MMAX*NMAX J+3*MMAX*NMAX) = EW
STIFF(I+2*MMAX*NMAX J+4*MMAX*NMAX) = GW
STIFF(I+3*MMAX*NMAX,J) = AJX
STIFF(I+3*MMAX*NMAX J+MMAX*NMAX) = BJX
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STIFF(I+3*MMAX*NMAX,J+2*MMAX*NMAX) = CJX
STIFF(I+3*MMAX*NMAX,J+3*MMAX*NMAX) = EJX
STIFF(I+3*MMAX*NMAX, J+4*MMAX*NMAX) = GJX
STIFF(I1+4*MMAX*NMAX.J) = AJY
STIFF(I+4*MMAX*NMAX, J+MMAX*NMAX) = BJY
STIFF(I+4*MMAX*NMAX,J+2*MMAX*NMAX) = CJY
STIFF(I+4*MMAX*NMAX J+3*MMAX*NMAX) = EJY
STIFF(I+4*MMAX*NMAX,J+4*MMAX*NMAX) = GJY
c
C COMPUTE MASS MATRIX ELEMENTS
c
¢ FIRST CALCULATE THE MASS MOMENTS OF INERTIA.
I2ZBARPR = RHO * H ** 3/(15.0*R)
I3BARPR = RHO * H ** 3/(60.0*R)
ISBAR =RHO*H**3*4.0/3150
17=RHO* H ** 7/448.0
I1=RHO*H
I4BAR = RHO*H**3*17.0/3150
AUOMASS = 0.0
BUOMASS = 0.0
CUOMASS =0.0
EUOMASS = 0.0
GUOMASS =0.0
AVOMASS = 0.0
EVOMASS = 0.0
GVOMASS =0.0
EWMASS = 0.0
GWMASS = 0.0
BJIXMASS = 0.0
EJXMASS =0.0
GIXMASS =0.0
AJTYMASS =0.0
EJYMASS =0.0
GJYMASS = 0.0

If (M.EQ.P.AND.N.EQ.Q) Then

If (NBUCVIB.EQ.1) Then
VIBRATIONS PROBLEM - WE ARE LOOKING FOR THE NATURAL
FREQUENCIES

(2]

BVOMASS = -A * B * 2BARPR /4.0
CVOMASS =PI * A*[3BARPR*Q/40
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AWMASS =PI *B* ISBAR *P/4.0
BWMASS =PI* A*ISBAR*Q/40
CWMASS = -(16*PI**2*A**2*[7*Q**2+16*PI**2*B**2*[7*P**2

& +9*A**2*B**2*H**4*11) / (A*B*H**4) / 36.0

AJXMASS =-A*B*I4BAR /4.0
CIXMASS =PI*B*I5SBAR*P /40
BIYMASS =-A * B *14BAR /4.0
CIYMASS =PI*A*ISBAR *Q/40

ELSE

BUCKLING PROBLEM - WE ARE LOOKING FOR THE CRITICAL BUCKLING
LOADS

BVOMASS = 0.0

CVOMASS = 0.0

AWMASS =0.0

BWMASS = 0.0

CWMASS =PI**2*B*P**2/A/40

AJXMASS =00

CIXMASS = 0.0

BJYMASS = 0.0

CIYMASS = 0.0

End If
Else

BVOMASS = 0.0
CVOMASS = 0.0
AWMASS =0.0
BWMASS =0.0
CWMASS = 0.0
AJXMASS =0.0
CIXMASS = 0.0
BJYMASS = 0.0
CJYMASS = 0.0

End If

STORE THESE TERMS IN THE MASS MATRIX
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MASS(1,J) = AUOMASS

MASS(ILJ+MMAX*NMAX) = BUOMASS
MASS(1,J+2*MMAX*NMAX) = CUOMASS
MASS(1,J+3*MMAX*NMAX) = EUOMASS
MASS(1,J+4*MMAX*NMAX) = GUOMASS
MASS(I+MMAX*NMAX.J) = AVOMASS
MASS(I+MMAX*NMAX,J+MMAX*NMAX) = BVOMASS
MASS(I+MMAX*NMAX, J+2*MMAX*NMAX) = CVOMASS
MASSI+MMAX*NMAX,J+3*MMAX*NMAX) = EVOMASS
MASS(I+MMAX*NMAX, J+4*MMAX*NMAX) = GVOMASS
MASS(I+2*MMAX*NMAX,J) = AWMASS
MASS(I+2*MMAX*NMAX J+MMAX*NMAX) = BWMASS
MASS(I+2*MMAX*NMAX, J+2*MMAX*NMAX) = CWMASS
MASS(I+2*MMAX*NMAX,J+3*MMAX*NMAX) = EWMASS
MASS(I+2*MMAX*NMAX,J+4*MMAX*NMAX) = GWMASS
MASS(I+3*MMAX*NMAX,J) = AJXMASS
MASS(I+3*MMAX*NMAX,J+MMAX*NMAX) = BJXMASS
MASS(I+3*MMAX*NMAX, J+2*MMAX*NMAX) = CJXMASS
MASS(I+3*MMAX*NMAX, J+3*MMAX*NMAX) = EJXMASS
MASS(I+3*MMAX*NMAX J+4*MMAX*NMAX) = GJIXMASS
MASS(I+4*MMAX*NMAX,J) = ATYMASS !
MASS(I+4*MMAX*NMAX J+MMAX*NMAX) = BJYMASS |
MASS(I+4*MMAX*NMAX,J+2*MMAX*NMAX) = CJYMASS
MASS(I+4*MMAX*NMAX,J+3*MMAX*NMAX) = EJYMASS
MASS(I+4*MMAX*NMAX,J+4*MMAX*NMAX) = GTYMASS

J=J+1
20 Continue
I=1+1
J=1
10 Continue

CALL THE IMSL LIBRARY SUBROUTINE. USE THE MASS AND STIFFNESS
MATRICES AS INPUT AND FIND THE EIGENVALUES AND EIGENVECTORS.
Call DGVCRG(MSIZE, STIFF,MSIZE MASS MSIZE,ALPHA BETA ,EVEC MSIZE)
Do401= 1, MSIZE
If (BETA(I).NE.0.0) Then
EVAL(I) = ALPHA(I) / BETA(I)
Else
EVAL(I) = (1.0D+30,0.0D+00)
End If
40 Continue
If (NBUCVIB.EQ.1) Then

164




PRINT OUT THE FIRST 10 MODES FOR THE VIBRATION PROBLEM

Do50I=1,10

REVAL = DREAL(EVAL(I))

AGEVAL = DIMAG(EVAL(I))

If (ABS(AGEVAL).GT.1.0D-15) Then
Write (2,115) 1

Else If (REVAL.GT.1.0D+28) Then
Write (2,125) 1

Else If (REVAL.LT.0.0) Then
Write (2,120) I

Else .
OMEGA = SQRT(REVAL)
Write(2,*) "EIGENVALUE POSITIVE REAL’

Write (2,130) I, REVAL, OMEGA
End If
50 Continue
c
Else

PRINT OUT THE CRITICAL BUCKLING LOAD. THE CRITICAL
BUCKLING LOAD IS THE EIGENVALUE WITH THE SMALLEST ABSOLUTE
VALUE.

OOOOO

Do 551 =2, MSIZE
If (ABS(DIMAG(EVAL(I-1))).GT.1.0D-15) Then
Goto 55
End If
If (ABS(DREAL(EVAL(I))).GT. ABS(DREAL(EVAL(I-1))).AND.
& ABS(DREAL(EVAL(I-1))).LT.1.0D+28) Then
Write (2,220) DREAL(EVAL(I-1))
End If
55 Continue

c
End If

PRINT OUT THE IST MODE OF THE DEFLECTION, W(X,Y), ALONG THE
MIDLINES OF THE PANEL: X = A/2 AND Y = B2

PRINT OUT THE W EIGENVECTOR, CMN

O o6 o0 60 6 6

=1
Write (2,500)

165




Write (2,510)
MNWMIN = | +2* MMAX * NMAX
MNWMAX = 3 * MMAX * NMAX
Do 400 I = MNWMIN, MNWMAX
REVEC(II) = DREAL(EVEC(,!))
AGEVEC = DIMAG(EVEC(,1))
If (ABS(AGEVEC).GT.1.0D-15) Then
Write (2,520) I, II, REVEC(II)
Else
Write (2,530) I, II, REVEC(II)
End If
N=II+1
400 Continue

C
¢ DETERMINE W(X=A/2,Y)

ASTEP = A/50.0
BSTEP =B /50.0
XCOORD=A/20
YCOORD = 0.0
Write (2,540)
Write (2,542)
801 WMODE = 0.0
i=1
Do 470 M = |, MMAX
Do 472 N = |, NMAX
WMODE = WMODE + REVEC(JJ]) * SIN(M*PI*XCOORD/A) *
& SIN(N*PI*YCOORDY/B)
J31=111+1
472 Continue
470 Continue
Write (2,550) YCOORD, WMODE
YCOORD = YCOORD + BSTEP
If (YCOORD.GT.B) Then
Goto 800
Else
Goto 801
End If
c
800 YCOORD=B/20
c
¢ DETERMINE W(X, Y=B/2)
c
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XCOORD =0.0
Write (2,560)
Write (2,570)
810 WMODE = 0.0
Jji=1
Do 480 M = |, MMAX
Do 482 N = |, NMAX
WMODE = WMODE + REVEC(JJJ) * SIN(M*PI*XCOORD/A) *
& SIN(N*PI*YCOORDY/B)
JJI=1J+1
482 Continue
480 Continue .
Write (2,550) XCOORD, WMODE
XCOORD = XCOORD + ASTEP
If (XCOORD.GT.A) Then
Goto 850
Else
Goto 810
End If

115 Format (/,8X,13,11X,EIGENVALUE IS COMPLEX")
120 Format (/,9X,13,11X,’EIGENVALUE IS NEGATIVE’)
125 Format (/,9X,13,11X,’EIGENVALUE IS INFINITE’)
130 Format (/,9X,13,10X,D20.13,12X,D20.13)
200 Format (/,8X,13,10X,D20.13)
220 Format (//,5X,"CRITICAL BUCKLING LOAD = ,1X,D20.13)
500 Format (//,5X,’"W EIGENVECTOR, CMN, FOR 1ST MODE")
510 Format (/,5X,’M, N’,10X,"CMN’)
520 Format (/,5X,14,2X,14,12X,D20.13,3X,"COMPLEX")
530 Format (/,5X,14,2X,14,12X,1D20.13)
540 Format (//,5X,"DEFLECTION, W(X=A/2,Y)’)
542 Format (/,5X,"Y(IN.)’,10X,"W(A/2,YXIN.))
550 Format (/,5X,F6.2,11X,E15.8)
560 Format (//,5X,"DEFLECTION, W(X,Y=B/2)")
570 Format (/,5X,"X(IN.)",10X,"W(X, B/2)}(IN.)")
850 Retum
End
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The following is the subroutine GALERK for the clamped

boundary condition.

o 66 0 0 0 06

Subroutine GALERK(PI,.R,H,A,B,Al11,A12,A22,A16,A26,A66,A44,A45,A5S,

& DI11,D12,D22,D16,D26,D66,D44,D45,D55,F11,F12,F22,F16,F26,F66,F44,

& F45,F55,H11,HI2,H22, H16,H26,H66,J11,§12,J22,116,]26,J66,B11,B12,

& B22,B16,B26,B66,E11,E12,E22,E16,E26,E66,G11,G12,G22,G16,G26,G66,

& I11,112,122,116,126,166 NBUCVIB,MMAX,MSIZE,RHO,STIFF,MASS,BETA,
& ALPHA,EVAL,EVECMSIZESQ,REVEC)

THIS SUBROUTINE GENERATES THE GALERKIN EQUATIONS AND FORMS
THE MASS AND STIFFNESS MATRICES. THEN IT CALLS DGVCRG, AN
IMSL SUBROUTINE WHICH SOLVES THE EIGENVALUE PROBLEM:

[STIFF]{X} = (OMEGA*2 OR N1BAR)[MASS]{X}

Double Precision PI,R,H,A,B,A11,A12,A22 A16,A26,A66,A44,A45 ASS,
& DI11,D12,D22,D16,D26,D66,D44,D45,D55,F11,F12,F22,F16,F26,F66,F44,
& F45,F55H11,HI2,H22 H16,H26,H66,J11,112,J22.J16,J26,J66,B11,B12,
& B22,B16,B26,B66,E11,E12,E22 E16,E26,E66,G11,G12,G22,G16,G26,G66,
& 111,112,122,116,126,166,STIFF(MSIZE, MSIZE), MASS(MSIZE MSIZE),
& AUO,BUO,CUO,EUO,GUO,AVO,BVO,CVO,EVO,GVO,AW,BW .CW.EW ,GW AJX BJX,
& CIX.EIX,GIX,AJY,BJY,CIY,EJY,GJY,AUOMASS,BUOMASS,CUOMASS . EUOMASS,
& GUOMASS,AVOMASS ,BYOMASS

Double Precision CVOMASS,EVOMASS,GVOMASS, AWMASS BWMASS,CWMASS,
& EWMASS,GWMASS, AJXMASS,BJIXMASS,CIXMASS,EJXMASS,GIXMASS , AJYMASS,
& BJYMASS,CIYMASS EJYMASS,GIYMASS,RHO,I2BARPR,I3BARPR,ISBAR,I7.11,
& I4BAR

Integer P,Q,M,N,MMAX NMAX

THESE VARIABLES NEEDED FOR THE IMSL EIGENVALUE SOLVER .

Double Precision BETA(MSIZE),REVAL,OMEGA ,AGEVAL,AGEVEC,
& REVEC(MSIZESQ)

Double Complex ALPHA(MSIZE),EVAL(MSIZE), EVEC(MSIZE ,MSIZE)

NUMBER OF TERMS IN THE ADMISSIBLE FUNCTIONS
NMAX = MMAX

GENERATE GALERKIN EQUATIONS

I=1

J=1

Do 10 P = | MMAX

Do 10 Q = | MMAX

Do 20 M = | MMAX
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Do 20 N = | MMAX

COMPUTE STIFFNESS MATRIX ELEMENTS

O 0 O 6
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*  The following equations correspond to the Galerkin  *
* Equations for Case I *

R ERRERERE XS AR EERTXERR XX S EERER R EREEEXRE R R R E RN R EE R R RE LR R REREREER

c
If (M.EQ.P. AND.N.EQ.Q) Then

** corresponding to u, **

AUO =00

BUO =0.0

CUO = -(((-32*PI**3*E66-16*PI**3*E12)*A**2*P*Q**2-16*PI**3*
E11*B**2*P**3)*R**2+((32*PI**3*F66+16*PI**3*F12)*A**2*P*Q**
2-12*PI*A12*A**2*B**2*H**2*P)*R-8*PI**3*G66*A**2*P*Q**2)/(A
**#2*B*H**2*R**2)/48.0

P

EUO = -((12*PI**2*A66*A**3*H**2*Q**2+12*PI**2*A1 | *A*B**2*H"**2
& *P*#2)sR**2.| 25P[**2*B66* A**3*H**2*Q**2*R + 3*PI**2*D66*A **3*
& H**2*Q**2)/(A**2*B*H**2*R**2)/43.0

GUO = -((12*PI**2*A66+12*PI**2*A12)*A**2*B*H**2*P*Q*R**2-3*PI
&  **2*D66*A**2*B*H**2*P*Q)/(A**2*B*H**2*R**2)/48.0

** corresponding to v_ **

AVO =00
BVO =0.0

CVO = -(((-32*PI**3*E66-16*PI**3*E12)*B**2*P**2*Q-16*PI**3*
E22*A**2*Q**3)*R**2+(16*PI**3*F22*A**2*Q**3-12*PI*A22*A**2*
B.‘z.H.‘Z‘Q)‘R+8‘PI"3‘G66‘B..2‘P‘OZ‘Q)/(A‘Bttz‘H“ZOR“Z)/
48.0

PR R

EVO = -((12*PI**2*A66+12*PI**2*A12)*A*B**2*H**2*P*Q*R **2-3*P1
&  **2*D66*A*B**2*H**2*P*Q)/(A*B**2*H**2*R**2)/48.0

GVO = ~((12*PI**2*A22*A**2*B*H**2*Q**2+12*PI**2*A66*B**3*H**2
& .P“2)0R002+ l 2‘PI.‘2‘B66‘B“3‘H‘.Z.P.‘2‘R+3‘PI‘.2.D66‘B“3.
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H**2*P**2)/(A*B**2*H**2*R**2)/48.0

** corresponding to w **

AW =00
BW =0.0

CWI1 = (-16*PI**a*H22*A**4*Q**4+((-64*P1**4*H66-32*PI**4*H12)*

A"2.B"Z‘P#‘2_9#})1##Z‘AM#A.‘4‘B"2‘H“4+72‘PI‘.2‘D44‘A“4
‘B“Z‘Httz_l44‘PI#‘2‘F44#A¢‘4‘B“2)‘Q..2_16‘PI.‘4‘H1 l‘B.‘4#
P**4+((-9*PI**2*A55* A**2* B**4*H**4+T2*PI**2*D55*A**2*B**4*H
*%2.144*PI**2*F55* A**2* B**4)*P**2))/(A**3*B**3*H**4)/36.0

CW2 = ((32*PI**4*122* A**4*Q**4+((64*P1**4*166+32*PI**4*112)*A

"2‘Bt‘2‘P‘t2_24tPI#‘2‘522‘A“4‘B‘*2tH.#2)‘Q¢‘2_24‘P11l2t
E12‘A"2‘B"4‘H"Z‘P"Z)‘R-l6‘PI"‘4‘]22‘A"4‘Q“4+(24‘PI"2
‘FZZ.A‘.4‘B“2‘H“2‘I6‘PI“4‘J66‘A“2‘B"2‘P“2)‘Q“2-9‘A22
tAtt4‘B“4‘H“4)/(A#‘3‘B‘t3tH“4tR“2)/36.0

CW = CWI1+CW2

EW = (((24*PI**3*E66+12*PI**3*E12)*A**3*B**2*H**2*P*Q**2+12*

PI**3*E11*A*B**4*H**2*P**3)*R**2+((-24*PI**3*F66-12*PI**3*
F12)*A**3*B**2*H**2*P*Q**2+9*PI* A1 2*A**3*B**4*H**4*P)*R +6*
PI**3*G66*A**3*B**2*H**2*P*Q**2)/(A**3*B**3*H**4*R **2)/36.0

GW = ((12*PI**3*E22*A**4*B*H**2*Q**3+(24*PI**3*E66+12*PI**3*

ElZ)tA"2‘Bt‘3‘H"2‘?“2‘Q)‘R.‘2+(9‘PI.A22‘A‘.4‘B.#3‘H.t4‘Q
_IZOPI‘.3‘F22‘A‘#4‘B.H‘tle‘.3)‘R_6.PI“3‘G66‘A“2‘B‘t3.H.‘
2*P**2*Q)/(A**3*B**3*H**4*R**2)/36.0

** corresponding to ¥ **

AJX = <(((9*PI**2*D66* A**2*H**4-24*PI**2*F66*A**2*H**2+16*PI]

**2*H66*A**2)*Q**2+(9*PI**2*D11*B**2*H"**4-24*PI**2*F11*B**2
*H**2+16°PI**2*H11*B**2)*P**2+9*A55*A**2*B**2*H**4-72*D55*A
*42*B**2*H**2+144*F55*A**2*B**2)*R**2+(-18*PI**2*E66*A**2*H
**4+48*PI**2*GO66*A**2*H**2-32*P1**2*166*A**2)*Q**2*R +(9*P1
**2*F66*A**2*H**4-24*PI**2*H66*A**2*H**2+16*PI**2*]J66*A**2)
*Q**2)/(A*B*H**4*R**2)/36.0

BJX = -(((9*PI**2*D26*A**2*H**4-24*PI**2*F26*A**2*H**2+16*PI
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*O2*H26*A**2)*Q**2+(9*PI**2*D16*B**2*H**4-24*PI**2*F16*B**2
*H**2+16*PI**2*H16*B**2)*P**2+9*A45*A**2*B**2*H**4-72*D45*A
*2*B**2*H**2+144%F45%* A**2*B**2)*R**2+(-18*PI**2*E26*A**2*H
**4+48*PI**2*G26*A**2*H**2-32*PI**2*126*A**2)*Q**2*R +(9*PI
*E2*F26*A**2*H**4-24*PI**2*H26*A**2*H**2+16*PI**2*J26*A**2)
*Q**2)/(A*B*H**4*R**2)/36.0

CIX=0.0

EJX =00

GJX=0.0

PREReR

PoRo R B

** corresponding to ¥ **

AJY = -(((9*PI**2*D26*A**2*H**4-24*PI**2*F26*A**2*H**2+16*PI

1‘2‘H26‘A"2)#Q“2+(9‘PI‘*2#D16‘B“2‘H“4_24‘PI“2#F1 6‘B“2
*H**2+16*PI**2*H16*B**2)*P**2+9*A45*A**2*B**2*H**4-72*D45*A
*22*B**2*H**2+144*F45* A**2*B**2)*R**2+(-18*PI**2*E26*A**2*H
**4+48*PI**2*G26*A**2*H**2-32*PI**2*126*A**2)*Q**2*R +(9*P1
*O2*F26 A% 2*H**4-24*PI**2*H26*A**2*H**2+16*PI**2*J26*A**2)
*Q**2)/(A*B*H**4*R**2)/36.0

BJY = (((9°PI**2*D22° A**2*H**4.24*PI**2*F22* A**2*H**2+16*P]

*E2*H22*A**2)*Q**2+(9*PI**2*D66*B**2*H**4-24*PI**2*F66*B**2
*H**2+16*PI**2*H66*B**2)*P**2+9*Ad44*A**2*B**2*H**4-72*D44* A
“2#B#t2‘H#‘2+144‘F44‘A"2‘B“2)‘R‘t2+(_18‘PI.#2‘E22¢A‘.2‘H
**4+48*PI**2*G22*A**2*H**2-32*PI**2*122*A**2)*Q**2*R +(9*PI
*E2CF22*A**2*H**4-24*PI**2*H22*A**2*H**2+16*PI**2*)22*A**2)
*Q**2)/(A*B*H**4*R**2)/36.0

ClY=00

EJY =0.0
GJY =0.0

Else If (M.EQ.P.AND.MOD(N+Q,2).NE.0) Then
c

C
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*  The following equations correspond to the Galerkin  *
* Equations for Case 2 *
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** corresponding to u, **

AUQ = ((12*PI*B16*H**2-16*PI*E16)*N*P*Q*R+(12*P1*F16-9*P1*D16
& *H**2)*N*P*Q)/((6*H**2*Q**2-6*H**2*N**2)*R)

BUO = (((6*PI*B66+6*PI*B12)*H**2-8*PI*E66-8*PI*E12)*N*P*Q*R +(
(-3*PI*D66-6*PI*D12)*H**2+4*PI*F66+8*PI*F12)*N*P*Q)/((6*H**
2‘Qt.2_6'H‘02‘Nt‘2)‘R)

f B

CU0=0.0
EUO =00

GUO =00

** corresponding to v, **

O 606 66

AVO = ((* PI**2*B26*A**2*H**2-8*PI**2*E26*A**2)*N*Q**2+(6*PI
**2*Blo*B**2*H**2-8*PI**2*E16*B**2)*N*P**2)*R+(8*PI**2*F26*
A**2-6*PI**2*D26*A**2*H**2)*N*Q**2+(3*PI**2*D16*B**2*H**24
*PI**2*F16*B**2)*N*P**2)/((6* PI* A*B*H**2*Q**2-6*PI*A*B*H**2
‘N.‘Z)tR)

e

BVO = (((6*PI**2*B22*A**2*H**2-8*PI**2*E22*A**2)*N*Q"**2+(6*PI
**2*B66*B**2*H**2-8*PI**2*E66*B**2)*N*P**2)*R +(3*PI**2*F22*
A**2-6*PI**2*D22*A**2*H**2)*N*Q**2+(3*PI**2*D66* B**2* H**24
*PI**2*F66*B**2)*N*P**2)/((6*P1*A*B*H**2*Q**2-6*PI*A*B*H**2
*N**2)*R)

oo

Cv0 =00
EVO =00
GvVO=0.0
** corresponding to w **
AWI = -(((36*PI**2*F16*B**2*H**2-48*PI**2*H16*B**2)*N*P**2+(

& 12*PI**2*F26* A**2*H**2-16*PI**2*H26*A**2)*N**3+(-9*A45* A**2
&  *B**2*H**4+72°D45S*A**2*B**2*H**2-144*F45*A**2*B**2)*N)*Q*R
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**2+((32°PI**2*116*B**2-24*PI**2* G 16*B**2* H**2)*N*P**2+(32*
PI**2*126*A**2-24*PI**2* G26*A**2*H**2)*N**3+(9*B26*A**2*B**
2°H**4-12°E26*A**2* B**2*H**2)*N)*Q*R+((12*PI**2*H26*A**2*H
**2-16°PI**2*J26* A **2)*N**3+(12*F26* A**2* B**2*H**2.9*D26*A
“2‘8.‘2‘H“4)#N)‘Q)

Aw = AWl/((9#AtB#‘2‘H“4‘Q##2_9‘A'B1021H3t4tN¥‘2)#R##2)

BWI1 = -(((24*PI**2*F66+12*PI**2*F12)*B**2*H**2+(-32*PI**2*H66
-16*PI**2*H12)*B**2)*N*P**2+(12*PI**2*F22*A**2*H**2-16*PI**
2*H22*A**2)*N**3+(-9* Ad4* A**2*B**2*H**4+72¢Ddd* A**2* B**2*H
$%2-144*F44*A**2*B**2)*N)*Q*R**2-(((-12*PI**2*G66-12*PI**2*
G12)*B**2*H**2+(16*PI**2*166+16*PI**2*112)*B**2)*N*P**2+(32
SPI**2*[22*%A**2-24*PI**2*G22* A**2*H**2)*N**3+(9*B22*A**2*B
w2 )r [ **4. | 2*E2* A**2*B**2*H**2)*N)*Q*R-((12*PI**2*H22* A**2*
H**2-16*PI**2*J22* A**2)*N**3+(12*F22*A**2*B**2*H**2-9*D22*A
*2Qs B2 **4)*N)*Q

Bw = BW1/((9‘AtB#‘ZCH"4#Q“2_9tA‘B“2#H“4‘N¢.2)‘Rt‘2)
CW =0.0
EW=0.0
GW =00
** corresponding to ¥, **
AJIX =00
BJX =0.0
CIX1 = «(((96*PI**2*H16*B**2-72*PI**2*F16*B**2*H**2)*N*P**2+(
32*PI**2*H26*A**2-24*PI**2*F26* A **2*H**2)*N**3+(18*A45*A**2
*B**2*H**4-144*D45*A**2*B**2*H**2+288*F45*A**2*B**2)*N)*Q*R
**2+((48*PI**2*G16*B**2*H**2-64*PI**2*116*B**2)*N*P**2+(48*
PI**2*G26* A**2*H**2-64*PI**2*126* A**2)*N**3+(24*E26*A**2*B
**2*H**2-18*B26*A**2*B**2*H**4)*N)*Q*R +((32*PI**2*J26*A**2-
24*PI**2*H26*A**2*H**2)*N**3+(18*D26*A**2*B**2*H**4-24*F26*
All2‘B“2‘H.‘2).N).Q)
CIX = CIX1/((18*A*B**2*H**4*Q**2-18*A*B**2*H**4*N**2)*R**2)

EJX = -((36*PI*B16*A*B**2*H**4-48*PI*E16*A*B**2*H**2)*N*P*Q*R
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C

**2+(36*PI*F16*A*B**2*H**2-27*PI*D16*A*B**2*H**4)*N*P*Q*R )
((18*A*B**2*H**4*Q**2-18*A*B**2*H**4*N**2)*R **2)

GJX = -(((18*PI*B16*B**3*H**4-24*PI*E16*B**3*H**2)*P**2+(18*
PI*B26*A**2*B*H**4-24*PI*E26* A**2*B*H**2)*N**2)*Q*R**2+((9*
PI*D16*B**3*H**4-12*PI*F16*B**3*H**2)*P**2+(24*PI*F26*A**2*
B*H**2-18*PI*D26*A**2*B*H**4)*N**2)*Q*R)/((18*A*B**2*H**4*Q
“2-l8¢A‘B"2‘Ht‘4tN‘*2)‘R“2)

** corresponding to P **
AlY =0.0
BJY =0.0

CIY!1 = (((-48*PI**2*F66-24*PI**2*F 12)*B**2*H**2+(64*PI**2*
H66+32*PI**2*H12)*B**2)*N*P**2+(32*PI**2*H22*A**2-24*P]**2*
Fzz‘A.‘z‘H#.z)‘N“3+(IS‘AM#A“Z‘B“2CHI‘4_ lM‘DM‘A‘#Z‘B#‘
2*H**2+288*F44*A**2*B**2)*N)*Q*R**2-(((24*PI1**2*G66+24*PI**
2*G12)*B**2*H**2+(-32*PI**2*166-32*PI**2*112)*B**2)*N*P**2+
(48*PI**2*G22*A**2*H**2-64*PI**2*[22*A**2)*N**3+(24*E22*A**
2*B**2*H**2-18*B22*A**2*B**2*H**4)*N)*Q*R ((32*PI**2*J22*A
*32-24°PI**2*H22*A**2*H**2)*N**3+(18*D22*A**2*B**2*H**4-24*
F22#A"2‘B‘.2‘H“2)‘N)‘Q

CJY = CIYI/((18*A*B**2*H**4*Q**2-18*A*B**2*H**4*N**2)*R**2)

EJY = -(((18*PI*B66+18*PI*B12)*A*B**2*H**4+(-24*PI*E66-24*PI*
E12)*A*B**2*H**2)*N*P*Q*R**2+((-9*P1*D66-18*PI*D12)*A*B**2*
H**4+(12*PI*F66+24*PI*F12)*A*B**2*H**2)*N*P*Q*R)/((18*A*B**
2.H.‘4.Q“2_l8‘A‘B“23H004‘Nt.2)‘R.‘2)

GJY = «(((18*PI*B66*B**3*H**4.24*PI*E66*B**3*H**2)*P**2+(18*
PI*B22*A®*2*B*H**4-24*PI*E22*A**2*B*H**2)*N**2)*Q*R**2+((9*
PI*D66*B**3*H**4-12*PI*F66*B**3*H**2)*P**2+(24*PI*F22*A**2*
B*H**2-18*PI*D22*A**2*B*H**4)*N**2)*Q*R)/((18*A*B**2*H**4*Q
“2_‘8.A‘B"2‘H“4‘N‘U2)‘R“2)

Else If (MOD(M+P,2).NE.0.AND.N.EQ.Q) Then

EAREEERRBE RV RE R RS RRREENBEESHISERERBERERR AR SS PSS LR R R RSN P EREE RN SRR

*  The following equations correspond to the Galerkin  *

L ]

Equations for Case 3 *
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** corresponding to u, **

AUO = (((6*PI*B66*A**2*H**2-8*PI*E66*A**2)*M*Q**2+(8*PI*E11*B
**2-6*PI*Bl1*B**2*H**2)*M*P**2+(12*PI*B11*B**2*H**2-16*PI*
E11*B**2)*M**3)*R**2+(12*PI*F66*A**2-9*PI*D66* A**2*H**2)*M*
Q**2*R+(3*PI*E66*A**2*H**2-4*PI*G66*A**2)*M*Q**2)/((6*A*B*H
‘-Z*P"2_6#A¥B#H##z‘M*tz)*R“z)

PR R

BUO = (((6*PI*B26*A**2*H**2-3*PI*E26*A**2)*M*Q**2+(8*PI*E16*B
**2-6*PI*Bl16*B**2*H**2)*M*P**2+(12*PI*B16*B**2*H**2-16*PI*
E16*B**2)*M**3)*R**2+(12*PI*F26*A**2-9*PI*D26* A**2*H**2)*M*
Q**2*R+(3*PI*E26*A**2*H**2-4*PI*G26*A**2)*M*Q**2)/((6*A*B*H
*#25Prx) 6% A*B*H**2*M**2)*R**2)

PR R

CuO =00
EUO =00
GUO=0.0
** corresponding to v, **
AVO = (((6*PI*B66+6*PI*B12)*H**2-8*PI*E66-8*PI*E12)*M*P*Q*R**
&  2+(4*PI*F66-3*PI*D66*H**2)*M*P*Q*R +(4*PI*G66-3*PI*E66*H**2)
& ‘M‘PlQ)/((6tHt‘2‘P"2_6.H..2#M“2)‘R‘.2)
BVO = ((12*PI*B26*H**2-16*PI*E26)*M*P*Q*R**2+(4*PI*F26-3*PI*
&  D26*H**2)*M*P*Q*R+(4*PI*G26-3*PI*E26*H**2)*M*P*Q)/((6*H**2*
& P‘.z_G‘H.‘Z‘Mt‘z)‘Rtlz)
Cvo =00
EVO=0.0
GvVO=0.0
** corresponding to w **
AW = -((((24*PI**2*F66+12*PI**2*F12)*A**2*H**2+(-32*PI**2*H66

&  -16°PI**2*HIi2)*A**2)*M*P*Q**2+((12*PI**2*F11*B**2*H"**2-16*
&  PI**2*HI1I*B**2)*M**3+(-9*A55*A**2*B**2*H**4+72*D55* A**2*B**
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PR

2*H**2-144*F55*A**2*B**2)*M)*P)*R**2+(((-36*P1**2*G66-12*PI
*2*GI2)*A**2*H**2+(48*PI**2*166+16*PI1**2*112)*A**2)*M*P*Q
**2+(9*BI12*A**2*B**2*H**4-12*E12*A**2*B**2*H**2)*M*P)*R+(12
*PI**2*H66*A**2*H**2-16*PI**2*J66* A**2)* M*P*Q**2)/((9*A**2*
B‘Ht‘4‘P‘ ‘2_91At‘2‘B#H*#4#M##2)‘R##2)

BW = -(((36*PI**2*F26* A**2*H**2-48*PI**2*H26* A**2)*M*P*Q**2+(
(12*PI**2*F16*B**2*H**2-16*PI**2*H16*B**2)*M**3+(-9*A45*A**
2‘Bt‘2‘H‘#4+72#D45‘A“2‘B##2#H“z_IM‘F45.A“2¥B“2)‘M)‘P)‘
R**2+((64*PI**2*126* A**2-48*PI**2*G26*A**2*H**2)*M*P*Q**2+(
9*B26*A**2*B**2*H**4-12*E26*A**2*B**2*H**2)*M*P)*R +(12*PI**
2*H26%A**2*H**2-16*PI**2*J26*A**2)*M*P*Q**2)/((9*A**2*B*H**
4.P"2_9‘A“2#BﬁH##4‘M“2)‘R‘#2)

CW =00
GW =00
EW =0.0
** corresponding to ¥, **
AJX =0.0
BJX=0.0

CJIX = -((((-48*PI**2*F66-24*PI**2*F12)* A**2*H**2+(64*PI**2*
H66+32*PI**2*H12)*A**2)*M*P*Q**2+((32*PI**2*H11*B**2-24*PI]
**2*F11*B**2*H**2)*M**3+(18*AS5*A**2*B**2*H**4-144*D55*A**2
*B**2*H**2+288*F55*A**2*B**2)*M)*P)*R**2+(((72*PI**2*G66+24
*PI**2*GI2)* A**2*H**2+(-96*PI**2*166-32*PI**2*112)* A**2)*M*
P*Q**2+(24*E12*A**2*B**2*H**2-18*B12*A**2*B**2*H**4)*M*P)*R
+(32.PI‘.2*]66‘A"2_24‘?1‘.2‘“66'A“2‘H“z)‘MCP‘Qttz)/((18‘
A“Z‘B‘H‘t4tpttz_l8‘A“2‘B‘H“4‘M“2)‘R#.2)

EJX = -(((18*PI*B66*A**3*H**4-24*PI*E66*A**3*H**2)*P*Q**2+(18
*PI*Bl1*A*B**2*H**4-24*PI*E1 1*A*B**2*H**2)*M**2*P)*R**2+(36
*PI*F66*A**3*H**2-27*PI*D66* A**3*H**4)*P*Q**2*R +(9*PI*E66*A
*232H**4 1 2*P[*G66*A**3*H**2)*P*Q**2)/((18* A**2*B*H**4*P**2
-18*A**2*B*H**4*M**2)*R**2)

GJX = -(((18*PI*B66+18*PI*B12)*A**2*B*H**4+(-24*PI*E66-24*PI*
E12)*A**2*B*H**2)*M*P*Q*R**2+(12*PI*F66*A**2*B*H**2-9*PI*
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& D66*A**2*B*H**4)*M*P*Q*R+(12*PI*G66* A**2*B*H**2-9*PI*E66*A
& #x 28 BrH**4)*M*P*Q)/((18*A**2*B*H**4*P**2-[§*A**2*B* H**4*M**
& 2)*R**2)

** corresponding to ¥ **
AJY =0.0
BJY =00

CJIY = -(((96*PI**2*H26*A**2-72*PI**2*F26*A**2*H**2)* M*P*Q**2+
((32*PI**2*H16*B**2-24*PI**2*F16*B**2*H**2)*M**3+(18*A45*A
“2‘B“2‘H‘t4_l44*D45‘A¢#2‘B¥t2‘H“2+288‘F45‘A‘*2‘B‘#2)‘M)#
P)*R**2+((96*PI**2*G26*A**2*H**2-128*PI**2*126*A**2)*M*P*Q
**2+(24*E26*A**2*B**2*H**2-18*B26*A**2*B**2*H**4)* M*P)*R+(
32*PI**2*J26* A**2-24*PI**2*H26* A**2*H**2)*M*P*Q**2)/((18*A
“2‘B‘H“4‘P'.2'l8'A“Z‘B‘H“4‘M‘.2)‘R.‘2)

PR R

EJY = -(((18*PI*B26*A**3*H**4-24*PI*E26*A**3*H**2)*P*Q**2+(18
*PI*Bl6*A*B**2*H**4-24*PI*E16*A*B**2*H**2)*M **2*P)*R**2+(36
*PI*F26*A**3*H**2-27*PI*D26*A**3*H**4)*P*Q**2*R+(9*PI*E26*A
*338H**4. 1 2*PI*G26*A**3*H**2)*P*Q**2)/((18*A**2*B*H**4*P**2
-18*A**2*B*H**4*M**2)*R**2)

PR R

GJY = «((36*PI*B26* A**2*B*H**4-48*PI*E26*A**2*B*H**2)*M*P*Q"R
&  **2+(12*PI*F26*A**2*B*H**2-9*PI*D26*A**2*B*H**4)*M*P*Q*R +(
&  12*PI*G26*A**2*B*H**2-9*PI*E26* A**2*B*H**4)*M*P*Q)/((18*A**
& 2‘B‘Ht‘4‘P“2_18‘A“2'B‘H“4.M“2)‘R“2)

Else If (MOD(M+P,2).NE.0.AND.MOD(N+Q,2).NE.0) Then

C
SEEXEREBEERREEREERE RS AL R R R R R ERRR KSR BXEREXB LR AR EEERRE XX RARER R KR XK

*  The following equations correspond to the Galerkin  *

* Equations for Case 4 *
SESRER LR R R EE AR R L ER AR LR SR BB SRR SRR S XL EEEEEEE R XX AR LSRR SIS SRR RN R R K

** corresponding to u, **
AUO=00

BUO=0.0
CUO = ((-32*PI**2*E16*B**2*M*N*P**2-16*PI**2*E26*A**2*M*N**3-
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16*PI**2*E16*B**2*M**3*N)*Q*R **2+(16*PI**2*F 1 6*B**2*M*N*P**
2+24*PI**2*F26* A**2*M*N**3+(8*PI**2*F16*B**2*M**3-12*A26*A
=2 B2 *#2*M)*N)*Q*R+(6*B26* A**2*B**2*H**2* M*N-8*PI**2*
G26*A**2*M*N**3)*Q)/(((3*PI*A*B**2*11**2#P**2.3*P[* A*B**2*H
*3)M*52)*Q**2-3*PI* A*B**2* H**2XN**2*P**2+ 3*P[* A* B** 25 **2*
M**2*N**2)*R**2)

EUO = ((12*PI*A16*A*B**2*H**2*N*P**2+12*PI*A16*A*B**2*H**2*M
*2*N)*Q*R**2+(-6*PI*Bl16*A*B**2*H**2*N*P**2-6*PI*B16*A*B**2
*H**2*M**2*N)*Q*R)/(((3*PI*A*B**2* H**2*P**2.3*P[* A * B**2* I **
2*M**2)*Q**2-3*PI* A *B**2* H**2*N**2*P**2+3*P[*A*B**2*H**2*M
*xJEN*#2)SR **2)

GUO = (12*PI*A16*B**3*H**2*M*P**2+12*PI*A26*A**2*B*H**2*M*N
**2)*Q*R**2+(6*PI*B16*B**3*H**2*M*P**2-6*PI*B26*A**2*B*H**2
lM‘N*tz)tQtR)/(((3#PItAtB##z#H‘#2*P#‘2_3‘PI#A#B##z‘Ht‘z‘M"
2)‘Q‘#2_3‘PI‘A#B#*2#H#tz#N#tz*P*‘2+3.PItA‘B‘tz#Ht#z#M##z#N
'tz)#Rttz)

** corresponding to v, **

AVO =00
BVO =0.0

CVO = (((-16*PI**2*E26*A**2*M*N**3-16*PI**2*E16*B**2*M**3*N)*
P-32*PI**2*E26*A**2*M*N*P*Q**2)*R**2+(16*PI**2*F26*A**2*M*N
*P*Q**2+(8*PI**2*F26* A**2*M*N**3+(-8*PI**2*F16*B**2*M**3.12
‘A26‘A"2.B“2‘H#.2#M)#N)‘P)#R+(8‘PI#‘2‘626‘At12‘M#N“3_6‘
B26*A**2*B**2"H**2*M*N)*P)/((3*PI*A**2*B*H**2*P**2-3*PI*A
ttz‘B‘H“z.Mt‘2)tQ“2_3tPI#A¥#Z‘B‘Httthltztpt.2+3$PI‘A##2‘
B‘H#‘z#M.#th#tz)thtz)

EVO = ((12*PI*A26*A**3*H**2*N*P*Q**2+12°PI*A16*A*B**2*H**2*M
**2*N*P)*R**2+(6*PI*B16*A*B**2*H**2*M**2*N*P-6*PI*B26*A**3*
H“thtP‘Q“2)‘R)/(((3‘PI#A“2'B‘H"2#P“2_3‘PI#A‘.2‘B#H“2
‘M‘tz)tottz_jtPItAt‘2‘B‘H"2‘N“2‘Pt‘2+3‘PI‘A“2‘B‘H“2‘M“
2‘N“2)#R“2)

GVO = ((12*PI*A26*A**2*B*H**2*M*P*Q**2+12*PI*A26*A**2*B*H**2*
M*N**2*P)*R**2+(6*PI*B26* A**2*B*H**2*M*P*Q**2+6*PI*B26*A**2
*B*H**2*M*N**2*P)*R)/(((3*PI*A**2*B*H**2*P**2-3*P[*A**2*B*H
*2 28 M**2)*Q**2-3*PI*A**2*B*H**2*N**24P*#2+ 3*P[*A**2* B* HH**2*
M**2¢N*#2)*R**2)
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** corresponding to w **
AW =00
BW =0.0

CW = -((((-72*PI*A45*A**2*B**2*H**4+576*PI*D45* A**2*B**2*H**2
-1152*PI*F45*A**2*B**2)*M-256*PI**3*H16*B**2*M**3)*N-256*PI
*338HD6* A**2*M*N**3)*P*Q*R **2+(384*PI**3*126* A **2*M*N**3+(
128*PI**3*116*B**2*M**3-192*PI*E26*A**2*B**2*H**2*M)*N)*P*Q
*R+(96*PI*F26* A**2*B**2*H**2*M *N-128*PI**3*J26* A**2*M*N**3)
*P*Q)/(((9*PI*A**2*B**2*H**4*P**2-9*PI* A**2*B**2*H**4*M**2)
*Q**2-9*PI* A**2*B**2* H**4*N**2*P**2+ O¥P[* A **2* B** s HH*x4x M **
2¥N**2)*R**2)

EW = -((48*PI**2*E26*A**3*H**2*N**3+144*PI**2*E16*A*B**2*H**2
*M**2*N)*P*Q*R**2+((36*A26*A**3*B**2*H**4-72*PI**2*F16*A*B
“2‘H“2‘M“'2)‘N-72‘PI"2‘F26‘A"3‘H“Z‘N“3)‘P‘Q‘R+(24‘PI
“2‘GZ6$A“3*H“2‘N“3_18tB26#A‘#33B“2‘Htl4#N)tPtQ)/(((9‘
PI‘A‘t2tBtttht‘4#?##2_9‘PI*Att2tBt‘2#H##4‘M#*2)#Q¥#2_9‘PI‘
A..Z‘B"2.H“4*N"Z‘P‘.2+9‘PI*A‘t2‘B"2‘H“4‘M“2‘N“2)‘R"
2)

GW = -((144*PI**2*E26*A**2*B*H**2*M*N**2+48*PI**2*E16*B**3*H
*#24M**3)s P QIR **2+(-T2*PI**2*F26* A**2* B*H**2*M*N**2+24*P]

“Z‘Fl6‘B“3‘H‘*2.M“3+36‘A26‘A“2‘B“3‘H"4‘M)‘P‘Q.R+(18‘
826‘A#'2‘B"3‘H‘t4‘M_24tPI#‘2‘G26‘A#‘2‘B#H##2*M‘N“2)‘P‘Qy
(((9‘PI‘A‘.2‘B‘.2‘H‘.4‘P“2'9‘PI‘A'.2‘B.‘Z‘H“4‘M“2)‘Q“2'
9‘PI‘A“2‘B‘#2#H"4#N"Z‘P#.2+9‘PI'A“2‘B"2‘H‘¢4‘M“2‘N"2
)thtz)

** corresponding to ¥,**

| ]

AJX = ((72*D16*H**4-192*F16*H**2+128*H16)*M*N*P*Q*R +(-72*E16*

H**4+192*G16*H**2-128*116)*M*N*P*Q)/(((9*H**4*P**2-9*H**4*M
##2)*Q**2-9* H**4*N**2*P**2+9* H**4*M**2*N**2)*R)

BJX = (((36*D66+36*D12)*H**4+(-96*F66-96*F12)*H**2+64*H66+64*

HI12)*M*N*P*Q*R+((-36*E66-36*E12)*H**4+(96*G66+96*G12)*H**2-
04*166-64*112)*M*N*P*Q)/(((9*H**4*P**2-9*H**4*M**2)*Q**2-9*
H“4‘N t‘2#P“2+9‘ H‘t4‘M“2‘N‘ ‘2)¢R)
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CIX =00
EJIX=0.0
GJX =00

** corresponding to ¥, **

AJY = (((36*D66+36*D12)*H**4+(-96*F66-96*F 12)*H**2+64*H66+64*
HI2)*M*N*P*Q*R+((-36*E66-36*E12)*H**4+(96*G66+96*G12)*H**2-
64*166-64*112)*M*N*P*Q)/(((9*H**4*P**2-9*H**4*M**2)*Q**2-9*
H“4‘N#tz#P“2+9‘H“4‘M‘tz‘N“Z)#R)

BJY = ((72*D26*H**4-192*F26*H**2+128*H26)*M*N*P*Q*R +(-72*E26*
H**4+192*G26*H**2-128*126)*M*N*P*Q)/(((9*H**4*P**2-9*H**4*M
*#2)*Q**2.9* H**4*N**2*P**2+9* H**4*M**2*N**2)*R)

CIY=00
EJY =00
GJY =00
Else

AUO =00
BUO =0.0
CUO=00
EUO =0.0
GUO =00
AVO =00
BVO =0.0
Cvo =00
EVO =00
GVO =00
AW =00
BW =00
CwW=00
EW =00
GwW =00
AJX =00
BJX =0.0
CiIX=00
EJX=0.0
GJX =00
AlY =00
BJY =0.0
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C

Cly=00
EJY=00
GJIY =00
Lud If

STORE THESE TERMS IN THE STIFFNESS MATRIX

STIFF(1,J) = AUO

STIFF(I,J+MMAX*NMAX) = BUO
STIFF(1,J+2*MMAX*NMAX) = CUO
STIFF(IJ+3*MMAX*NMAX) = EUO
STIFF(1,J+4*MMAX*NMAX) = GUO
STIFF(I+MMAX*NMAX,J) = AVO
STIFF(I+MMAX*NMAX,J+MMAX*NMAX) = BVO
STIFF(I+MMAX*NMAX, J+2*MMAX*NMAX) = CVO
STIFFI+MMAX*NMAX,J+3*MMAX*NMAX) = EVO
STIFF(I+MMAX*NMAX J+4*MMAX*NMAX) = GVO
STIFF(I+2*MMAX*NMAX,J) = AW
STIFF(1+2*MMAX*NMAX,J+MMAX*NMAX) = BW
STIFF(I+2*MMAX*NMAX,J+2*MMAX*NMAX) = CW
STIFF(I1+2*MMAX*NMAX,J+3*MMAX*NMAX) = EW
STIFF(I+2*MMAX*NMAX,J+4*MMAX*NMAX) = GW
STIFF(I+3*MMAX*NMAX,J) = AJX
STIFF(1+3*MMAX*NMAX,J+tMMAX*NMAX) = BJX
STIFF(I+3*MMAX*NMAX,J+2*MMAX*NMAX) = CJX
STIFF{I+3*MMAX*NMAX,J+3*MMAX*NMAX) = EJX
STIFF(I1+3*MMAX*NMAX,J+4*MMAX*NMAX) = GJX
STIFF(I1+4*MMAX*NMAX,J) = AJY
STIFF(I+4*MMAX*NMAX J+MMAX*NMAX) = BJY
STIFF(I+4*MMAX*NMAX,J+2*MMAX*NMAX) = CJY
STIFF(I+4*MMAX*NMAX,J+3*MMAX*NMAX) = EJY
STIFF(I+4*MMAX*NMAX J+4*MMAX*NMAX) = GJY

COMPUTE MASS MATRIX ELEMENTS

FIRST CALCULATE THE MASS MOMENTS OF INERTIA.
I2BARPR = RHO*H**3/(15.0*°R)
I3BARPR = RHO*H**3/(60.0*R)
ISBAR = RHO*H**3*4.0/315.0
I7 = RHO*H**7/448.0
Il = RHO*H
I4BAR = RHO*H**3*17.0/315.0
AUOMASS =0.0
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BUOMASS = 0.0
CUOMASS =0.0
EUOMASS = 0.0
GUOMASS =0.0
AVOMASS =0.0
EVOMASS = 0.0
GVOMASS = 0.0
EWMASS =0.0
GWMASS =0.0
BJXMASS =0.0
EJXMASS = 0.0
GIXMASS =0.0
AJYMASS = 0.0
EJYMASS =0.0
GJYMASS =0.0

If (NBUCVIB.EQ.1) Then
VIBRATIONS PROBLEM - WE ARE LOOKING FOR THE NATURAL
FREQUENCIES

If (M.EQ.P.AND.N.EQ.Q) Then

BVOMASS = 0.0

CVOMASS = PI*A*I3BARPR*Q/4.0

AWMASS = 0.0

BWMASS = 0.0

CWMASS = -(16*PI**2* A**2*[74Q**2+16* PI**2* B**2¢ [ T*P**2+9* A **
29B**2*H**4*11)/(A*B*H**4)/36.0

AJXMASS = -A*B*I4BAR/4.0

CIXMASS = 0.0

BIYMASS = -A*B*I4BAR/4.0

CIYMASS = 0.0

Else If (M.EQ.P.AND.MOD(N+Q,2).NE.0) Then
BVOMASS = A*B*I2BARPR*N/(PI*Q**2-N**2*P])
CVOMASS = 0.0

AWMASS = 0.0

BWMASS = -A*ISBAR*N*Q/(Q**2-N**2)
CWMASS = 0.0

AJXMASS = 0.0

CJXMASS = 0.0

BJYMASS = 0.0

CIYMASS = A*ISBAR*N*Q/(Q**2-N**2)
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Else If (MOD(M+P,2).NE.0.AND.N.EQ.Q) Then
BVOMASS = 0.0

CVOMASS =0.0

AWMASS = -B*ISBAR*M*P/(P**2-M**2)
BWMASS = 0.0

CWMASS =0.0

AJXMASS =0.0

CIXMASS = B*ISBAR*M*P/(P**2-M**2)
BJYMASS = 0.0

CIYMASS =00

Else

BVOMASS = 0.0
CVOMASS = 0.0
AWMASS = 0.0
BWMASS = 0.0
CWMASS = 0.0
AJXMASS = 0.0
CIXMASS = 0.0
BIYMASS = 0.0
CIYMASS = 0.0

End If
Else

BUCKLING PROBLEM - WE ARE LOOKING FOR THE CRITICAL BUCKLING
LOADS

BVOMASS = 0.0
CVOMASS =0.0
AWMASS =0.0

BWMASS =0.0

AJXMASS =0.0
CIXMASS =0.0
BJYMASS =0.0
CIYMASS = 0.0

If (M. EQ.P.AND.N.EQ.Q) Then

CWMASS = B*P**2*P]**2/A/4.0
Else
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CWMASS =0.0

End If

End If

O O 0 0 60

STORE THESE TERMS IN THE MASS MATRIX

MASS(1,J) = AUOMASS

MASS(I,J+MMAX*NMAX) = BUOMASS
MASS(1,J+2*MMAX*NMAX) = CUOMASS
MASS(1,J+3*MMAX*NMAX) = EUOMASS
MASS(1,J+4*MMAX*NMAX) = GUOMASS
MASS(I+MMAX*NMAX,J) = AVOMASS
MASS(I+MMAX*NMAX,J+ MMAX*NMAX) = BVOMASS
MASS(I+MMAX*NMAX, J+2*MMAX*NMAX) = CVOMASS
MASS(I+MMAX*NMAX, J+3*MMAX*NMAX) = EVOMASS
MASS(I+MMAX*NMAX, J+4*MMAX*NMAX) = GYOMASS
MASS(I+2*MMAX*NMAX,J) = AWMASS
MASS(I+2*MMAX*NMAX,J+MMAX*NMAX) = BWMASS
MASS(I+2*MMAX*NMAX,J+2*MMAX*NMAX) = CWMASS
MASS(I+2*MMAX*NMAX J+3*MMAX*NMAX) = EWMASS
MASS(I+2*MMAX*NMAX,J+4*MMAX*NMAX) = GWMASS
MASS(I+3*MMAX*NMAX,J) -~ ATIXMASS
MASS(I+3*MMAX*NMAX,J+MMAX*NMAX) = BIXMASS
MASS(I+3*MMAX*NMAX J+2*MMAX*NMAX) = CIXMASS
MASS(I+3*MMAX*NMAX,J+3*MMAX*NMAX) = EIXMASS
MASS(I+3*MMAX*NMAX J+4*MMAX*NMAX) = GJXMASS
MASS(I+4*MMAX*NMAX,J) = AJYMASS
MASS(I+4*MMAX*NMAX, J+ MMAX*NMAX) = BITYMASS
MASS(I+4*MMAX*NMAX, J+2*MMAX*NMAX) = CTYMASS
MASS(I+4*MMAX*NMAX,J+3*MMAX*NMAX) = ETYMASS
MASS(I+4*MMAX*NMAX,J+4*MMAX*NMAX) = GTJYMASS

J=J+1
20 Continue
I=1+1
=1
10 Continue

CALL THE IMSL LIBRARY SUBROUTINE. USE THE MASS AND STIFFNESS
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¢ MATRICES AS INPUT AND FIND THE EIGENVALUES AND EIGENVECTORS.
Call DGVCRG(MSIZE,STIFF,MSIZE MASS,MSIZE ALPHA ,BETA ,EVEC MSIZE)
Do 401 = 1,MSIZE
If (BETA(I).NE.0.0) Then
EVAL(I) = ALPHA(I/BETA(I)
Else
EVAL(I) = (1.0D+30,0.0D+00)
End If
40 Continue
If (NBUCVIB.EQ.1) Then
¢ PRINT OUT THE FIRST 10 MODES FOR THE VIBRATION PROBLEM

Do50I=1,10
REVAL = DREAL(EVAL(I))
AGEVAL = DIMAG(EVAL(I))
If (ABS(AGEVAL).GT.1.0D-15) Then
Write (2,115) 1
Else If (REVAL.GT.1.0D+28) Then
Write (2,125) 1
Else If (REVAL.LT.0.0) Then
Write (2,120) I
Else
OMEGA = SQRT(REVAL)
Write (2,130) LREVAL,OMEGA
End If
50 Continue

c
Else

PRINT OUT THE CRITICAL BUCKLING LOAD. THE CRITICAL
BUCKLING LOAD IS THE EIGENVALUE WITH THE SMALLEST ABSOLUTE
VALUE .

O 60 0006

Do 551 =2MSIZE
If (ABS(DIMAG(EVAL(I-1))).GT.1.0D-15) Then
Go To 55
End If
If (ABS(DREAL(EVAL(1))).GT.ABS(DREAL(EVAL(I-1))).AND.
& ABS(DREAL(EVAL(I-1))).LT.1.0D+28) Then
Write (2,220) DREAL(EVAL(I-1))
End If
55 Continue
c
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End If

PRINT OUT THE IST MODE OF THE DEFLECTION, W(X,Y), ALONG THE
MIDLINES OF THE PANEL: X = A/2AND Y = B2

PRINT OUT THE W EIGENVECTOR, CMN

=1

Write (2,500)

Write (2,510)

MNWMIN = |+2*MMAX*NMAX

MNWMAX = 3*MMAX*NMAX

Do 400 I = MNWMIN MNWMAX
REVEC(II) = DREAL(EVEC(,1))
AGEVEC = DIMAG(EVEC(,1))
If (ABS(AGEVEC).GT.1.0D-15) Then
Write (2,520) LILREVEC(I)
Else
Write (2,530) LILREVEC(I)
End If
II=1I+1

400 Continue

DETERMINE W(X=A/2Y)

ASTEP = A/50.0
BSTEP = B/50.0
XCOORD = A20
YCOORD =0.0
Write (2,540)
Write (2,542)
801 WMODE =0.0
JJI=1
Do 470 M = | MMAX
Do 472 N = |,NMAX
WMODE = WMODE+REVEC(JJ)*SIN(M*PI*XCOORD/A)*SIN(N*PI*YCOORD/B)
J11 =11J+1
472 Continue
470 Continue
Write (2,550) YCOORD,WMODE
YCOORD = YCOORD+BSTEP
If (YCOORD.GT.B) Then
Go To 800
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Else
Go To 801
End If

c
800 YCOORD = B2.0

c
¢ DETERMINE W(X, Y=B/2)
c

XCOORD =0.0
Write (2,560)
Write (2,570)
810 WMODE =0.0
JI=1
Do 480 M = | MMAX
Do 482 N = | NMAX
WMODE = WMODE+REVEC(JJ)*SIN(M*PI*XCOORD/A)*SIN(N*PI*YCOORD/B)
133 =1J+1
482 Continue
480 Continue
Write (2,550) XCOORD,WMODE
XCOORD = XCOORD+ASTEP
If (XCOORD.GT.A) Then
Go To 850
Else
Go To 810
End If

115 Format (/,8X,13,11X,’EIGENVALUE IS COMPLEX’)

120 Format (/,9X,13,11X,’EIGENVALUE IS NEGATIVE)

125 Format (/,9X,13,11X,"EIGENVALUE IS INFINITE’)

130 Format (/,9X,13,10X,D20.13,12X,D20.13)

200 Format (/,8X,13,10X,D20.13)

220 Format (//,5X,’CRITICAL BUCKLING LOAD =’,1X,D20.13)
500 Format (//,5X,’W EIGENVECTOR, CMN, FOR 1ST MODE")
510 Format (/,5X,’M, N’,10X,"CMN’)

520 Format (/,5X,14,2X,14,12X,D20.13,3X,’"COMPLEX’)

530 Format (/,5X,14,2X,14,12X,D20.13)

540 Format (//,5X,' DEFLECTION, W(X=AR,Y)’)

542 Format (/,5X,"Y(IN.),10X,"W(A/72,YXIN.))

550 Format (/,5X,F6.2,11X,E15.8)

560 Format (/,5X,"'DEFLECTION, W(X,Y=B/2)")

570 Format (/,5X,"X(IN.y,10X,"W(X, B/2)(IN.)")

850 Return
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The following is the GALERK subroutine for the simple-clamped boundary

Subroutine GALERK(PL,R,H,A B ,A11,A12, A22,A16,A26,A66,A44,A45A55,
& DI11,D12,D22,D16,D26,D66,D44,D45,D55,F11,F12,F22,F16,F26,F66,F44,
& F45,F55H11,HI2,H22, H16,H26,H66,J11,J12,J22,J16,J26,J66,B11,B12,
& B22,B16,B26,B66,E11,E12,E22.716,E26,E66,G11,G12,G22,G16,G26,G66,
& 111,112,122,116,126,166 NBUCViB,MMAX MSIZE, RHO,STIFF,MASS BETA,
& ALPHA,EVAL EVECMSIZESQ,REVEC)

O o0 60 6 6 60

THIS SUBROUTINE GENERATES THE GALERKIN EQUATIONS AND FORMS
THE MASS AND STIFFNESS MATRICES. THEN IT CALLS DGVCRG, AN
IMSL SUBROUTINE WHICH SOLVES THE EIGENVALUE PROBLEM:

[STIFF){X} = (OMEGA”2 OR NIBAR)[MASS]{X} -

Double Precision PI,R,H,A,B,A11,A12,A22,A16,A26,A66,A44,A45,A55,
& DI11,D12,D22,D16,D26,D66,D44, D45, D55 F11,F12,F22,F16,F26,F66,F44,
& F45,F5S,HI11,HI12 H22,H16,H26,H66,J11,J12,J22,J16,J26,J66,B11,B12,
& B22,B16,B26,B66,E11,E12,E22,E16,E26,E66,G11,G12,G22,G16,G26,G66,
& 111,112,122,116,126,166, STIFF(MSIZE,MSIZE),MASS(MSIZE ,MSIZE),
& AUO,BUO,CUQ,EUO,GUO,AVO,BVO,CVO,EVO,GVO,AW BW,CW,EW GW,AJX,BJX,
& CJX,EJX,GJX,AJY,BIY,CIY,ETY,GJY, AUOMASS,BUOMASS,CUOMASS EUOMASS,
& GUOMASS,AVOMASS,BVOMASS

Double Precision CVOMASS,EVOMASS,GVOMASS, AWMASS , BWMASS,CWMASS,
& EWMASS,GWMASS,AJXMASS,BJXMASS,CIXMASS,EJXMASS, GJIXMASS,AJYMASS,
& BJYMASS,CIYMASS,ETYMASS,GJYMASS,RHO,I2BARPR,I3BARPR,ISBAR,I7 11,
& I4BAR

Integer P,Q.M,N,MMAX ,NMAX

THESE VARIABLES NEEDED FOR THE IMSL EIGENVALUE SOLVER .

Double Precision BETA(MSIZE),REVAL,OMEGA,AGEVAL,AGEVEC,
& REVEC(MSIZESQ)

Double Complex ALPHA(MSIZE),EVAL(MSIZE),E" "EC(MSIZE , MSIZE)

NUMBER OF TERMS IN THE ADMISSIBLE FUNCTIONS
NMAX = MMAX
GENERATE GALERKIN EQUATIONS
I=1
I=1
Do 10 P = | MMAX
Do 10 Q = ,NMAX
Do 20 M = | MMAX
Do 20 N = | NMAX
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c
¢ COMPUTE STIFFNESS MATRIX ELEMENTS

C
EEXEXEERXEXX AR XL EBEERRER R R R X R X R X REER SRR RR R E R K4 KRR BB RS ARRRRERES

*  The following equations correspond to the Galerkin ~ *
* Equations for Case I *
EXEXXEREERXEERRRESEEEREEXXEER XXX BER SRR R SR RXEAREKEEREXRXREXRRERRE SRR S

c
If (M.EQ.P.AND.N.EQ.Q) Then

** corresponding to u,

AUO=0.0

BUO = -(((12*PI**2*B66+12*PI**2*B12)*A**2*B*H**2+(- 16*PI**2*
E66-16*PI**2*E12)*A**2*B)*P*Q*R **2+((-6*P1**2*D66-12*PI**2*
DI12)*A**2*B*H**2+(8*PI**2*F66+16*PI**2*F12)*A**2*B)*P*Q*R)/
(A**2*B*H**2*R**2)/48.0

P R R

CUO = -(((-32*PI**3*E66-16*PI**3*E12)*A**2*P*Q**2-16*P[**3*
E11*B**2*P**2)*R**2+((32*PI**3*F66+16*PI**3*F12)*A**2*P*Q**
2-12*PI*A12%A+* 27 D**2*H**2*P)*R-8*PI**3*G66*A**2*P*Q**2)/(A
**2*B*H**2*R**2)/48.0

Y

EUO = -((12*PI**2* A66* A**3*H**2*Q**2+12*PI**2* A1 1*A*B**2*H**2
s *P**2)*R**2.]2*PI**2*B66*A**3*H**2*Q**2*R+3*PI**2*D66*A**3*
& H**2*Q**2)/(A**2*B*H**2*R**2)/48.0

GUO = -((12*PI**2*A66+12*P1**2*A12)*A**2*B*H**2*P*Q*R**2-3*P]
&  **2*D66*A**2*B*H**2*P*Q)/(A**2*B*H**2*R**2)/48.0

** corresponding to v, **
AVO =00

BVO = -(((12*PI**2*B22*A**2*B*H**2-16*PI**2*E22*A**2*B)*Q**2+
(12*PI**2*B66*B**3*H**2-16*PI**2*E66*B**3)*P**2)*R**2 +((16*
PI**2*F22*A**2*B-12*PI**2*D22*A**2*B*H"**2)*Q**2+(6*PI**2*
D66*B**3*H**2-8*PI**2*F66*B**3)*P**2)*R)/(A*B**2*H**2*R**2)
/48.0

Pofo R P

CVO = ~((((-32*PI**3*E66-16*PI**3*E12)* B**2*P**2)*Q-16*PI**3*
&  E22*A**2°Q**3)*R**2+(16*PI**3*F22* A**2*Q**3-12*PI* A22*A**2*
& B“z. H.‘th)‘R+8.PI“3‘G66‘B‘.2‘P“2.Q)/(A‘B.'2'H“2‘R‘t2)/
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EVO = -((12*PI**2*A66+12*PI**2*A12)*A*B**2*H**2*P*Q*R **2-3*PI
**2*D66*A*B**2*H**2*P*Q)/(A*B**2*H**2*R**2)/48.0

GVO = -((12*PI**2*A22¥A**2*B*H**2*Q**2+12*PI**2* A66*B**3*H**2
*P**2)*R**2+2*PI**2*B66*B**3*H**2*P**2*R +3*P]**2*D66*B**3*
H**2*P**2)/(A*B**2*H**2*R**2)/48.0

** corresponding to w **
AW =00

BWI] = ((12*PI**3*F22*A**4*B*H**2-16*PI**3*H22*A**4*B)*Q**3+((
(24*PI**3*F66+12*PI**3*F12)* \**2*B**3*H**2+(-32*PI**3*H66-
16*PI**3*H12)*A**2*B**3)*F *2-9*PI*A44*A**4*B**3*H**4+72*P]
*DAa4*A**4*B**3*H**2.144*PI*F44* A**4*B**3)*Q)/(A**3*B**3*H**
4)/36.0

BW2 = (((32*PI**3*[22*A**4*B-24*PI**3*G22*A**4*B*H**2)* Q**3+(
((-12*PI**3*G66-12*PI**3*G12)*A**2*B**3*H**2+(16*PI1**3*166+
16*PI**3*112)*A**2*B**3)*P**2+9*PI*B22*A**4*B**3*H**4-12*PI
*E22*A**4*B**3*H**2)*Q)*R+(12*PI**3*H22*A**4*B*H**2-16*PI**
3*122*A**4*B)*Q**3+(12*PI*F22*A**4*B**3*H**2-9*PI*D22*A**4*
b‘.B‘H‘#4)*Q)/(A#'3‘Bt¥3‘H“4‘R#‘2)/36.0

BW = BW1+BW2

CWI = (-16*PI**4*H22*A**4*Q**4+((-64"PI**4*H66-32* PI**4*H12)*
A"2‘B"2‘P*‘2'9‘PI“2*A44‘A-‘4‘B"2‘H“4+72‘PI“2‘D44‘A“4
‘B.‘Z‘H“z' 1M#PI3‘2‘F44‘A“4‘B‘t2)‘Q3‘2_l6tPI‘I4‘H] l -B“4‘
Pr*4+(-9*PI**2¥ASS*A**2*B**4*H**4+72* PI**2*DS5* A**2*B**4*H
*%2-144*PI**2*F55* A**2° B**4)"P**2)/(A**3*B**3*H**4)/36.0

CW2 = ((32*PI**4*122*A**4*Q"*4+((64*PI**4*166+32 ‘PI**4*112)*A
“2‘B“2‘P.‘2_24‘PI“2‘ E22‘A.‘4‘B"2‘H“2)#Q‘#2_24‘PI.‘2.
EI12*A**2*B**4*H**2*P**2)*R-16*PI**4*] 22 A**4* Q" *4+(24*PI**2
‘F22.A“4‘B“2.Ht.2_l6‘PI.‘4.J66‘A‘-ZQB‘lZOP“Z)‘Qltz-gtAzz
*A**4*B**4H**4)/(A**3*B**3*H**4*R**2)/36.0

CW = CW1+CW2

EW = (((24*PI**3*E66+ 1 2*PI**3*E12)*A**3*B**2*H**2*P*Q**2+12*
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PI**3*E11*A*B**4*H**2*P**3)*R**2+((-24*PI**3*F66- 1 2*P]**3*
F12)*A**3*B**2*H**2*P*Q**2+9*PI*A12*A**3*B**4*H**4*P)*R +6*
PI**3*G66* A**3*B**2*H**2*P*Q**2)/(A**3*B**3*H**4*R **2)/36.0

GW = ((12*PI**3*E22*A**4*B*H**2*Q**3+(24*PI**3*E66-+ | 2*PI**3*
E12)$A3t2'Bt‘3#H##2‘P‘#2‘Q)*R#*2+(9#PI#A22*A‘#4‘B‘#3#H‘*4$Q
- l2‘PI“3thz#A“4tB‘H#‘2‘Q##3)#R_6‘PI¥‘3#G66‘A##2#B##3‘Ht‘
2*P**2*Q)/(A**3*B**3*H**4*R**2)/36.0

** corresponding to ¥, **

AJX = -(((9*PI**2*D66* A**2*H**4-24*PI**2*F66* A**2*H**2+16*P1
**2*HO66*A**2)*Q**2+(9*PI**2*D11*B**2*H**4-24*PI**2*F| | *B**2
*H**2+16*PI**2*HI11*B**2)*P**2+9*AS55*A**2*B**2*H**4-72*D55*A
*E2*B**2*H**2+144*F55*A**2*B**2)*R**2. -18*PI**2*E66*A**2*H
**4+48*PI**2*G66*A**2*H**2-32*PI**2*166*A**2)*Q**2*R+(9*PI
**2*F66*A**2*H**4-24*PI**2*H66*A**2*H**2+16*PI**2*J66*A**2)
*Q**2)/(A*B*H**4*R**2)/36.0

BJX =0.0

CJX=00

EJX =00

GJX =00

AJY =00

** corresponding to ¥ **

BJY = -(((18*PI**2*D22*A**2*B*H**4-48*PI**2*F22*A**2*B*H**2+
32*PI**2*H22*A**2*B)*Q**2+(18*PI**2*D66*B**3*H**4-48*P]**2*
F66*B**3*H**2+32*PI**2*H66*B**3)*P**2+ 18*Ad4*A**2*B**3*H**4
-144*D44*A**2*B**3*H**2+288*F44* A**2*B**3)*R**2+(-36*PI**2*
E22*A**2*B*H**4+96*PI**2*G22*A**2*B*H**2-64*PI**2*[22* A**2*

B)*Q**2*R+(18*PI**2*F22*A**2*B*H**4-48*PI**2*H22*A**2*B*H**
2+32*PI**2%J22*A**2*B)*Q**2)/(A*B**2*H**4*R**2)/72.0

CIY1 = -((32*PI**3*H22* A**2-24*PI**3*F22* A**2*H**2)*Q**3+(((
-48*PI**3*F66-24*PI**3*F12)*B**2*H**2+(64*PI**3*H66+32*PI**
3*HI2)*B**2)*P**2+18*PI*A44*A**2*B**2*H**4-144*PI* D44* A**2*

191




&  B**2*H**2+288*PI*F44*A**2*B**2)*Q)/(A*B**2*H**4)/72.0

CJIY2 = -(((48*PI**3*G22*A**2*H**2-64*PI**3*122* A**2)*Q**3+(((
24*PI**3*G66+24*PI**3*G12)*B**2*H**2+(-32*PI**3*166-32*PI**
3*112)*B**2)*P**2-18*PI*B22*A**2*B**2*H**4+24*PI*E22*A**2*B
**2*H**2)*Q)*R+(32*PI**3*J22* A**2-24*PI**3*H22*A**2*H**2)*Q
**3+(18*PI*D22*A**2*B**2*H**4-24*PI*F22*A**2*B**2*H**2)*Q)/
(A*B**2*H**4*R**2)/72.0

R

CJY = CJY1+CJY2

EJY = -(((18*PI**2*B66+18*PI**2*B12)*A*B**2*H**4+(-24*PI**2*
&  E66-24*PI**2*E12)*A*B**2*H**2)*P*Q*R**2+((-9*PI**2*D66-18*
&  PI**2*DI12)*A*B**2*H**4+(12*PI**2*F66+24*PI**2*F12)*A*B**2*H
&  **2)*P*Q*R)/(A*B**2*H**4*R**2)/72.0

GIY = -((18*PI**2*B22*A**2* B*H**4.24*PI**2*E22*A**2*B*H**2)*
Q¢t2+(l8‘PI‘#2¥B66‘B¥#3#H"4_24#PI#‘2‘E66‘B‘*3#H‘*2)*P*‘2)l
R**2+((24*PI**2*F22*A**2*B*H**2- 18*P1**2*D22* A**2*B*H**4)*Q
"2+(9#PI‘#2$D66‘B“3tH##4_ l 2#PI“2‘F66‘B“3‘H“2)‘P‘t2)‘R)
A*B**2*H**4*R**2)/72.0

PP R

Else If (M.EQ.P.AND.MOD(N+Q,2).NE.O) Then

C
EEREEEERXEER XXX SR XRR XA BABEERERERERER XX R R R KRR LSRR ER S b2 2 2

*  The following equations correspond to the Galerkin  *

* Equations for Case 2 .
RERREREREREERREEERRX SR LR ERERE XX RRX R R RER KL EE AR X AR R XL XX EXPER R R RN S

** corresponding to u, **

AUO = ((12*PI*B16*H**2-16*PI*E16)*N*P*Q*R +(12*PI*F16-9*PI*D16
& ‘H"2).N‘P‘Q)/((6‘H‘.2.Q“2_6‘H“2‘N“2)‘R)

c

BUO=0.0
c

CU0=0.0
c

EUO =00
c

GUO =00

** corresponding to v, **
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AVO = (((6*PI*B26*A**2*H**2-8*PI*E26*A**2)*N*Q**2+(6*PI*B16*B
**2*H**2-8*PI*E16*B**2)*N*P**2)*R+(8*PI*F26*A**2-6*PI*D26*A
*e2*H**2)*N*Q**2+(3*PI*D16*B**2*H**2-4*PI*F16*B**2)*N*P**2)
/((6*A*B*H**2*Q**2-6*A*B*H**2*N**2)*R)

BVO =0.0

Cv0o =00

EVO=0.0

GvV0 =00

** corresponding to w **

AW = -(((36*PI**2*F16*B**2*H**2-48*PI**2*H16*B**2)*N*P**2+(12
*PI**2*F26* A**2*H**2-16*PI**2*H26*A**2)*N**3+(-9*A45*A**2*B
“2‘H!‘4+72tD45‘A“2‘B'.2‘H“2_l44‘F45tAtt2‘B#t2)tN)tQ‘R‘32
+((32*PI**2*116*B**2-24*PI**2*G16*B**2*H**2)*N*P**2+(32*PI
*+2%126*A**2-24*PI**2*G26*A**2*H**2)*N**3+(9*B26*A**2*B**2*
H**4-12*E26*A**2*B**2*H**2)*N)*Q*R +((12*PI**2*H26*A**2*H**2
-16*PI**2*J26*A**2)*N**3+(12*F26*A**2*B**2*H**2-9*D26*A**2*
Bttz‘H‘.4)‘N).Q)[((gtA!B‘#th.t4tQ#‘2_9¢ AtBt‘tht#4tN"2)‘R
**2)

BW=00

CW=00

EW =0.0

GW =0.0

** corresponding to ¥, **

AIX =00

BJX = -(((18*PI**2*D16*B**3*H**4-48*PI**2*F16*B**3*H**2+32*P1
**2*H16*B**3)*P**2+(18*PI**2*D26*A**2*B*H**4-48*PI**2*F26*A
*22¢B*H**2+32*PI**2*H26*A**2*B)*N**2+18*A45*A**2*B**3*H**4-

144*D45*A**2*B**3*H**2+288*F45*A**2*B**3)*Q*R **2+(-36*PI**2
*E26*A**2*B*H**4+96°PI**2*G26*A**2*B*H**2-64*PI**2*126*A**2
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*B)*N**2*Q*R+(18*PI**2*F26*A**2*B*H**4-48*PI**2*H26*A**2*B*
H**2+32*PI**2*J26* A**2* B)*N**2*Q)/((18*PI*A*B**2*H**4*Q**2-
l 8#PI‘A‘B“Z‘H‘*4.N‘¥2)‘R“2)

CIX = -(((96*PI**3*H1o*B**2-72*PI**3*F 1 6*B**2*H**2)*N*P**2+(

32*PI**3*H26*A**2-24*PI**3*F26*A**2*H**2)*N**3+(18*PI*A45*A
**2*B**2*H**4-144*PI*D45*A**2*B**2*H**2+288*PI*F45*A**2*B**
2)*N)*Q*R**2+((48*PI**3*G16*B**2*H**2-64*PI**3*]16*B**2)*N*
P**2+(48*PI**3*G26*A**2*H**2-64*PI**3*126*A**2)*N**3+(24*PI
*E26*A**2*B**2*H**2-18*PI*B26*A**2*B**2*H**4)*N)*Q*R +((32*
PI**3*J26*A**2-24*PI**3*H26*A**2*H**2)*N**3+(18*PI*D26*A**2
*B**2*H**4-24*PI*F26*A**2*B**2*H**2)*N)*Q)/((18*PI*A*B**2*H
“4‘Q“2_l8#PI#A‘B‘#2‘H$#4‘N#‘2)#R"2)

EJX = -((36*PI**2*B16*A*B**2*H**4-48*PI**2*E1 6*A*B**2*H**2)*N

*P*Q*R**2+(36*PI**2*F16*A*B**2*H**2-27*PI**2*D16*A*B**2*H**
4)*N*P*Q*R)/((18*PI*A*B**2*H**4*Q**2-18*PI*A*B**2*H**4*N**2
)*R**2)

GIX = -(((18*PI**2*B16*B**3*H**4-24*PI**2*E16*B**3*H**2)*P**2

+(18*PI**2*B26*A**2* B*H**4.24*PI**2*E26*A**2*B*H**2)*'N**2)*
Q*R**2+((9*PI**2*D16*B**3*H**4-12*PI**2*F 16*B**3*H**2)*P**2
+(24*PI**2°F26*A**2°B*H**2-18*PI**2*D26* A**2* B*H**4)*N**2)*
Q‘R)/(( lg‘PI‘AtB‘tz‘H‘#4‘Q‘#2_18¥PI‘A‘B##z#H'—‘4lN$‘2)‘R'$2)

** corresponding to ¥, **

AJY1 = ((9*PI**2*D26*A**2*H**4-36*PI**2*F26*A**2*H**2+32*PI**

2*H26*A**2)*N*Q**2+(9*PI**2*D16*B**2*H**4-24*PI**2*F16*B**2
*H**2+16*PI**2*H16°B**2)*N*P**2+(12*PI**2*F26* A**2*H**2- 16*
PI**2*H26°A"*2)*N**3+(9* Ad5* A**2*B**2°H**4.72* D45* A**2*B**2
*H**2+144*F45*A**2*B**2)*N)/(9*PI*A*B*H**4°Q**2-9*PI*A*B*H
“4‘N.‘2)

AJY2 = (((-18*PI**2*E26*A**2*H**4+72*PI**2*G26*A**2*H**2-64*

PI**2*126*A**2)*N*Q**2+(32*PI**2*126* A**2-24*PI**2*G26*A**2
*H**2)*N**3)*R+(9*PI**2*F26*A**2*H**4-36*PI**2*H26*A**2*H**
2+32*PI**2*J26*A**2)*N*Q**2+(12*PI**2*H26*A**2*H**2-16*PI**
2*J26*A**2)*N**3)/((9*PI*A*B*H**4*Q**2-9*PI*A*B*H**4*N**2)*
R**2)

AJY = AJTY1+AJY2
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BJY =0.0

c
ClY=0.0
c
EJY =0.0
¢
GJY =0.0
c
Else If (MOD(M+P,2).NE.O.AND.N.EQ.Q) Then
c

EERERSESVRRERBRREERRBE R R R ERRRRERRRRREREEREXPRARRXRRRRERERERER R RS

*  The following equations cbn‘cspond to the Galerkin  *

* Equations for Case 3 *
EESEREBREEBEXER AR R EE XL A RE R R E XXX EE AR ERREX R R X B R SRR XX R KRR K FRESER RS S

** corresponding to u, **

AUO = (((6*PI*B66*A**2*H**2-8*PI*E66*A**2)*M*Q**2+(6*PI*BI11*B

&  **2*H**2-3*PI*E11*B**2)*M*P**2)*R**2+(12*PI*F66*A**2-9*PI*
&  DO66*A**2*H**2)*M*Q**2*R+(3*PI*E66*A**2*H**24*PI*G66*A**2)*
& M‘Q"Z)/((G‘A‘B‘H"2‘P"2-6‘A"’B'H"‘2"'M“2)‘R“2)
c
BUO =0.0
c
CuUO0 =00
c
EUO=0.0
C
GUO =00
c
c ** corresponding to v, **
c
AVO = (((6*PI*B66+6*PI*B12)*H**2-8*PI*E66-8*PI*E12)*M*P*Q*R**
&  2+(4*PI*F66-3*PI*D66*H**2)*M*P*Q*R +(4*PI*G66-3*PI*E66*H**2)
& .M‘P‘Q)/((6‘H“2‘?‘.2_6‘H.‘2‘M“2)‘R"2)
c
BVO =0.0
c
Cv0=0.0
c
EVO =00
c
GVO =0.0
c
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** coresponding to w **

AW = ((((24*PI**2*F66 + 12*PI**2*F 1 2)* A**2*H**2+(-32*PI**2*H66
-16*PI**2*H12)*A**2)*M*P*Q**2+((12*PI**2*F11*B**2*H**2-16*
PI**2*HI1*B**2)*M**3+(-9*ASS*A**2*B**2*H**4+72*D55* A**2*B**
2*H**2-144*F55*A**2*B**2)*M)*P)*R **2+(((-36*PI1**2*G66-12*PI]
*HEGI2)*A**2*H**2+(48*PI**2*166+16*PI**2*112)*A**2)*M*P*Q
**2+(9*Bi2*A**2*B**2*H**4-12*E12*A**2*B**2*H**2)*M*P)*R+(12
*PI**2*H66* A**2*H**2-16*PI**2*J66* A**2)*M*P*Q**2)/((9*A**2*
B‘Htt4tp#t2_9tA‘t2#B‘H‘¥4‘M##2)#R‘#2)

BW =0.0
CwW =00
GW =00
EW =00
i corrcéponding to ¥, **
AJX =00

BJX = (((18*PI*D66+18*PI*D12)* A**2*B*H**4+(-48*P1*F66-48*PI*
F12)*A**2*B*H**2+(32*PI*H66+32*PI*H12)*A**2*B)*M*P*Q*R**2+(
(-18*PI*E66-18*PI*E12)*A**2*B*H**4+(48*P1*G66+48*PI*CG12)*A
**2*B*H**2+(-32*PI*166-32*PI*112)* A**2*B)*M*P*Q*R)/((18*A**
2‘B‘H"4‘Ptt2_lS‘A‘QZ‘B‘H“4¥M“2)tR..2)

CIX = -((((-48*PI**2*F66-24*PI**2*F12)*A**2*H**2+(64*PI**2*
H66+32*PI**2*H12)*A**2)*M*P*Q**2+((32*PI**2*H11*B**2-24*P]
*R*F11*B**2*H**2)*M**3+(18*AS5*A**2*B**2*H**4-144*D55*A**2
*B**2*H**2+288*F55*A**2*B**2)*M)*P)*R**2+(((72*PI**2*G66+24
*PI**2*G12)*A**2*H**2+(-96*PI**2*166-32*PI**2*112)*A**2)*M*
P*Q**2+(24*E12*A**2*B**2*H**2-18*B12*A**2*B**2*H**4)*M*P)*R
+(32*PI**2*J66* A**2-24*PI**2*H66*A**2*H**2)*M*P*Q**2)/((18*
A“Z‘B‘H‘.4.P.‘2'l8‘A“2‘B‘H.‘4‘M“2)‘R“2)

EJX = (((18*PI*B66*A**3*H**4-24*PI*E66* A**3*H**2)*P*Q**2+(18
*PI*Bl1*A*B**2*H**4-24*PI*El1*A*B**2*H**2)*M**2*P)*R**2+(36
*PI*F66*A**3*H**2-27*PI*D66*A**3*H**4)*P*Q**2*R+(9*PI*E66*A
**3sH{**4. [ 2*P[*G66* A**3*H**2)*P*Q**2)/((18*A**2*B*H**4*P**2
-18*A**2*B*H**4*M**2)*R**2)
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GJX = -(((18*PI*B66+18*PI*B12)*A**2*B*H**4+(-24*PI*E66-24*PI*
EI12)*A**2*B*H**2)*M*P*Q*R**2+(12*PI*F66*A**2*B*H**2-9*P]*
D66*A**2*B*H**4)*M*P*Q*R +(12*PI*G66*A**2*B*H**2-9*PI*E66*A
*#Q*BrH**4)*M *P*Q)/((18*A**2*B*H**4*P**2-18*A**2*B*H**4*M**
2)*R**2)

PR

** corresponding to ¥, **

AJY = ((9*PI*D66+9*PI*D12)*H**4+(-24*PI*F66-24*PI*F12)*H**2+
16*PI*H66+16*PI*H12)*M*P*Q*R+((-9*PI*E66-9*PI*E12)*H**4+(24
*PI*G66+24*P1*G12)*H**2-16*PI*166-16*PI*112)*M*P*Q)/((9*H**
4#P“2_9‘H.t4¢M“2)#R)

BJY = 0.0

B g B

ClY =00
EJY =00

GJY=0.0

Else If (MOD(M+P,2).NE.0. AND.MOD(N+Q,2).NE.0) Then
c
EEEEREEERS LR EXERREREEERE R E SRR EEERBE SRR RSN EE X RS R RS R SRR EERREER S
*  The following equations correspond to the Galerkin  *

. Equations for Case 4 *
EREREREEERREEREREES RS R EERERER RS R RS EEBRE R R A SRR E R RXEREERE R EERE S SRR

** corresponding to u_ **
AUO =00

BUO = (((12*PI*B16*B**3*H**2-16*PI*E16*B**3)*M*P**2+(12*PI*
B26*A**2*B*H**2-16*PI*E26*A**2*B)*M*N**2)*Q*R**2+(24*PI*F26
*A**2*B-18*PI*D26*A**2*B*H**2)*M*N**2*Q*R +(6*PI*E26*A**2*B*
H**2-8*PI*G26*A**2*B)*M*N**2*Q)/(((3*PI*A*B**2*H**2*P**2.3*
PI*A*B**2*H**2*M**2)*Q**2-3*PI* A*B**2*H**2*N**2*P**2+ 3*P[*A
*B**2*H**2*M**2*N**2)*R**2)

PR

CUO = ((-32*PI**2*E16*B**2*M*N*P**2-16*PI**2*E26*A**2*M*N**3-
&  16*PI**2*E16*B**2*M**3*N)*Q*R**2+(16*PI**2*F16*B**2*M*N*P**
&  2424*PI**2*F26*A**2*M*N**3+(8*PI**2*F16*B**2*M**3-12*A26*A
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PR

#22+ B2 s**2*M )*N)*Q*R+(6*B26*A**2*B**2*H**2*M*N-8*P[**2*
G26*A**2*M*N**3)*Q)/(((3*PI*A*B**2*H**2*P**2-3*PI*A*B**2*H
*R)RV[*52)*Q**2-3*PI* A*B**2* H**2* N **2*P*+2+ 3*P[* A*B**2*H**2*
M**25N**2)*R**2)

EUO = ((12*PI*Al6*A*B**2*H**2*N*P**2+ | 2*PI*A16*A*B**2*H**2*M
*2*N)*Q*R**2+(-6*PI*B16*A*B**2*H**2*N*P**2-6*PI*B16*A*B**2
*H**2*M**2*N)*Q*R)/(((3*PI* A*B**2*H**2*P**2.3*PI*A *B** 2+ H**
25M**2)*Q**2-3*PI*A*B**2* H**2*N**2*P**2+3*P[*A*B**2*H**2*M
**QEN**2)*R **2)

GUO = ((12*PI*A16*B**3*H**2*M*P**2+ 12*PI*A26*A**2*B*H**2*M*N
*+2)*Q*R**2+(6*PI*BI6*B**3* H**2*M*P**2-6*PI*B26* A**2*B*H**2
‘MlN‘#z)‘Q#R)/(((3#PItA#B"2#H#¢2‘P‘t2_3th#AtBttth#tth"
2)‘Q‘t2_3*PItAtBttz‘Httz!N‘#2#P#t2+3‘PI#A#B##2*H“2¢M#¥2‘N
t‘2)¥R¢*2)

** corresponding to v, **
AVO =00

BVO = (((12*PI*B26*A**2*B*H**2-16*PI*E26*A**2*B)*M*P*Q**2+(12
*PI*B26*A**2*B*H**2-16*PI*E26*A**2*B)*M*N**2*P)*R **2+(8*PI*
F26*A**2*B-6*PI*D26* A**2*B*H**2)*M*N**2*P*R+(8*PI*G26* A**2*
B-6*PI*E26*A**2*B*H**2)*M*N**2*P)/(((3*PI*A**2*B*H**2*P**2.
3*PI*A**2*B*H**2*M**2)*Q**2-3*PI*A**2*B*H**2*N**2*P**2+ 3*P]
*A**2*BrH**2*M**2*N**2)*R **2)

CVO = (((-16*PI**2*E26*A**2*M*N**3.16*PI**2*E16*B**2*M**3*N)*
P-32*PI**2*E26*A**2*M*N*P*Q**2)*R**2+(16*PI**2*F26*A**2*M*N
*PrQ**2+(8*PI**2*F26* A**2*M*N**3+(-8*PI**2*F 16*B**2*M**3-12
*A26*A**2*B**2*H**2*M)*N)*P)*R +(8*PI**2*G26*A**2*M*N**3-6*
B26*A**2*B**2*H**2*M*N)*P)/(((3*PI*A**2*B*H**2*P**2-3*PI*A
*2)sBeH**2*M**2)*Q**2-3*PI*A**2*B*H**2*N**2*P**2+ 3*P[*A**2*
B*H**2*M**2*N**2)*R**2)

EVO = ((12*PI*A26*A**3*H**2*N*P*Q**2+12*PI*A16*A*B**2*H**2*M
**2*N*P)*R**2+(6*PI*B16*A*B**2*H**2*M**2*N*P-6*PI*B26*A**3*
H**2*N*P*Q**2)*R)/(((3*PI*A**2*B*H**2*P**2.3*P[*A**2*B*H**2
*M**2)*Q**2-3*PI* A**2*B*H**2*N**2*P**2+ 3*P[* A **2* B+ H**2+ M **
2*N**2)*R**2)

GVO = ((12*PI*A26*A**2*B*H**2*M*P*Q**2+12*PI*A26*A**2*B*H**2*
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R PRRERR P PRERRERRER

PRreeR

M?*N**2*P)*R**2+(6*PI*B26*A**2*B*H**2*M*P*Q**2+6*PI*B26*A**2
‘B‘H"2‘M‘N"Z‘P)‘R)/(((:'t‘PI'A”Z‘B‘H"Z‘P"2-3‘PI'A“2‘B'H
"Z.M‘.2)‘Q.‘2‘3.PI'A“Z‘B*H"Z‘N“2‘P“2+3‘PI‘A“2‘B.H“2.
M“thttz)‘Rttz)

** corresponding to w **
AW =00

BW = -(((144*PI**2*F26*A**2*B*H**2-192*PI**2*H26*A**2*B)*M*N
**2+(48*PI**2*F16*B**3*H**2-64*PI**2*H16*B**3)*M**3+(
-36*A45*A**2*B**3*H**4+288*D45*A**2*B**3*H**2-576*F45*A**2*
B**3)*M)*P*Q*R**2+((256*PI**2*126*A**2*B-192*PI**2*G26*A**2
*B*H**2)*M*N**2+(36*B26*A**2*B**3*H**4-48*E26*A**2*B**3*H**
2)*M)*P*Q*R+(48*PI**2*H26*A**2*B*H**2-64*PI**2*]J26*A**2*B)*
M*N**2*P*Q)/(((9*PI*A**2*B**2*H**4*P**2-9*PI*A**2*B**2*H**4
*M**2)*Q**2-9%PI*A**2*B** 2+ H**4*N**2*P**2+9*PI*A**2*B**2*H
*24*M**2*N**2)*R**2)

CW = «((((-72*PI*A45*A**2*B**2*H**4+576*PI*D45*A**2*B**2*H**2
-1152*PI*F45*A**2*B**2)*M-256*PI**3*H16*B**2*M**3)*N-256*P1
#2308 H26* A**2*M*N**3)*P*Q*R**2+(384*PI**3*126* A**2*M*N**3+(
128*PI**3*116*B**2*M**3-192*PI*E26*A**2*B**2*H**2*M)*N)*P*Q
*R+(96*PI*F26*A**2*B**2*H**2*M*N-128*PI**3*J26*A**2*M*N**3)
*P*Q)/(((9*PI*A**2*B**2*H**4*P**2-9*PI*A**2*B**2*H**4*M**2)
*Q**2-9*PI*A**2*B**2* H**4*N**2*P**2+9*P[* A**2*B**2*H**4*M**
2*N**2)*R**2)

EW = -((48*PI**2*E26*A**3*H**2*N**3+144*PI**2*E16*A*B**2*H**2
*M**2*N)*P*Q*R**2+((36*A26*A**3*B**2*H**4-72*PI**2*F16*A*B
*22*H**2*M**2)*N-72*PI**2*F26*A**3*H**2*N**3)*P*Q*R +(24*P]
*222G26*A**3*H**2*N**3-18*B26*A**3*B**2*H**4*N)*P*Q)/(((9*
PI*A**2*B**2*H**4*P**2-9*PI*A**2*B**2*H**4*M**2)*Q**2-9*PI*
A**2*B**2*H**4* N**2*P**2+9*P[* A**2*B**2* H**4*M**2*N**2)*R**
2)

GW = -((144*PI**2*E26*A**2*B*H**2*M*N**2+48*PI**2*E16*B**3*H
*82*M**3)* P QR **2+(-T2*PI**2*F26* A**2* B*H**2* M*N**2+24*P]
.‘Z.F l 6.B..3.H‘.2‘M.‘3+36.A26‘A‘.2.B‘.3.H‘.4.M)‘P.Q.R+(18‘
B26*A**2*B**3*H**4*M-24*P[**2*G26*A**2*B*H**2* M*N**2)*P*Qy/
((9*PI*A**25B**25 H**4*P**2-9*PI*A**2* B**2* H**4* M **2)*Q**2-
Q*PI*A ** 2 Bee L4 N *#28Pee)  O*P[* A $5 )¢ ReeIe 04 \[#4 28N #9)
y*R**2)
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** corresponding to ¥, **

AJX = ((712*D16*H**4-192*F16*H**2+128*H16)*M*N*P*Q*R +(-72*E16*
H**4+192*G16*H**2-128*116)*M*N*P*Q)/((9*H**4*P**2-9*H**4*M
“2)#Qtt2_9‘Htt4t‘N“2tP“z+9¢H‘t4tM##2tN‘#2)#R)

BJX =00

CIX=0.0
EJX=0.0
GJX =00

** corresponding to ¥, **
AlY =00

BIY = (((36*PI*D26*A**2*B*H**4-144*PI*F26*A**2*B*H**2+128*PI*
H26*A**2*B)*M*P*Q**2+(36*PI*D26*A**2*B*H**4-48*PI*F26*A**2*
B*H**2)*M*N**2*P)*R**2+((-36*PI*E26*A**2*B*H**4+144*PI*G26*
A**2*B*H**2-128*PI*126*A**2*B)*M*P*Q**2+(48*PI*G26*A**2*B*H
**2-36*PI*E26*A**2*B*H**4)*M*N**2*P)*R)/(((9*PI*A**2*B*H**4
.P“2-9‘PI.A“2‘B‘H“4‘M"2).Q.‘2‘9‘PI‘A“2‘B‘H“4‘N“2‘P“
2+9‘PI‘A"2‘B.H“4‘M‘t2‘N“2)'Rtt2)

CIY1 = ((256*PI**2*H26*A**2-96*PI**2*F26*A**2*H**2)*M*N*P*Q**
2+((-48*PI**2*F26*A**2*H**2-64*PI**2*H26*A**2)* M*N**3+((64*
PI**2*H16*B**2-48*PI**2*F16*B**2*H**2)*M**3+(36*A45*A**2*B
**2*H**4-288*D45*A**2*B**2*H**2+576*F45*A**2*B**2)*M)*N)*P)
/((9*PI*A**2*B*H**4*P**2.9*P[* A **2* B* H**4*M**2)*Q**2-9*PI*A
##Q*BrH**4 s N**2*P**2+9*P[* A **2* B* H**4*M**2*N**2)

CIY2 = (((144*PI**2*G26*A**2*H"**2-384*PI**2*126*A**2)*M*N*P*Q
S22+ ((48*PI**2*G26*A**2* H**2+128*PI**2*126* A**2)*M*N**3+(48
*E26*A**2*B**2*H**2-36*B26* A**2*B**2*H**4)*M*N)*P)*R +(128*
PI**2*J26*A**2-48*PI**2*H26*A**2*H**2)*M*N*P*Q**2.64*P]**2*
J26*A**2*M*N**3*P)/(((9*PI*A**2*B*H**4*P**2.9*PI*A**2* B*H**
4*M**2)*Q**2-9*PI*A**2*B*H**4*N**2*P**2+9*P[* A **2*B* H**4*M
*2QsN*#2)sR**))

CJY = CIY1+QJY2

EJY = (((36*PI*B26*A**3*H**4-96*PI*E26*A**3*H**2)*N*P*Q**2+(
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PP

48*PI*E26*A**3*H**2*N**3+(36*PI*B16*A*B**2*H**4-48*PI*E16*A
*B**2*H**2)*M**2*N)*P)*R**2+((144*PI*F26* A**3***2-54*P[*
D26‘A“3‘H"4)‘N‘P'Q“2-72‘PI‘FZG'A"3'H"‘2‘N"3"P)'R+(18‘
PI*E26*A**3*H**4-48*PI*G26* A**3*H**2)*N*P*Q**2+24*PI*G26*A
*EJeH*22 N **3%P)/((9*PI*A**2* B*H**4*P**).0*P[* A **2* Bs [+ +4+
M**2)*Q**2-9*P[* A**2*B*H**4*N** 2t P*#) . g*P[* A #*I* B*H{**45 [ *+
*N**2)*R**2)

GJY = ((36*PI*B26*A**2*B*H**4-96*PI*E26* A**2* B*H**2)*M*P*Q**
2+36*PI*B26*A**2* B*H**4*M*N**2*P)*R**2+((48*PI*F26*A**2*B*H
**2-18*PI*D26*A**2*B*H**4)* M*P*Q**2-24*PI*F26*A**2*B*H**2*M
*N**2*P)*R+(48*PI*G26* A**2*B*H**2- 18*PI*E26* A**2* B* H* *4)* M*
P*Q**2-24*PI*G26*A**2*B*H**2*M*N**2*P)/((9*PI*A**2* B*H**4*
P"2'9.PI‘A“2‘B‘H"4‘M“2)*Q‘*2‘9‘PI*A"2‘8*H“4‘N“2‘})“2
+9‘PI‘A"2‘B#H‘t4‘M‘#2.Nt‘2)tR‘#2)

Else

AUO=0.0
BUO =00
CUO0=0.0
EUO=0.0
GUO=0.0
AVO =00
BVO =0.0
Cv0=0.0
EVO =00
GvVO =00
AW =00
BW =0.0
CwW=00
EW =0.0
GW =00
AJX =0.0
BIX =00
CIX=00
EJX=0.0
GIX =00
AJY =00
BJY =00
ClY=00
EJY =00
GJY =00
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End If

STORE THESE TERMS IN THE STIFFNESS MATRIX

STIFF(1,J) = AUO

STIFF(1,J+MMAX*NMAX) = BUO
STIFF(1,J+2*MMAX*NMAX) = CUO
STIFF(1J+3*MMAX*NMAX) = EUO
STIFF(1,J+4*MMAX*NMAX) = GUO
STIFF(I+MMAX*NMAX,J) = AVO
STIFF(I+MMAX*NMAX,J+MMAX*NMAX) = BVO
STIFFI+MMAX*NMAX,J+2*MMAX*NMAX) = CVO
STIFF(I+MMAX*NMAX,J+3*MMAX*NMAX) = EVO
STIFFI+MMAX*NMAX,J+4*MMAX*NMAX) = GVO
STIFF(I+2*MMAX*NMAX,J) = AW
STIFF(I+2*MMAX*NMAX,J+MMAX*NMAX) = BW
STIFF(I+2*MMAX*NMAX,J+2*MMAX*NMAX) = CW
STIFF(I+2*MMAX*NMAX,J+3*MMAX*NMAX) = EW
STIFF(I+2*MMAX*NMAX,J+4*MMAX*NMAX) = GW
STIFF(I+3*MMAX*NMAX,J) = AJX
STIFF(I+3*MMAX*NMAX,J+MMAX*NMAX) = BJX
STIFF(I+3*MMAX*NMAX,J+2*MMAX*NMAX) = CJX
STIFF(I+3*MMAX*NMAX,J+3*MMAX*NMAX) = EJX
STIFF(I1+3* MMAX*NMAX J+4*MMAX*NMAX) = GJX
STIFF(1+4*MMAX*NMAX,J) = AJY
STIFF(1+4*MMAX*NMAX,J+MMAX*NMAX) = BJY
STIFF(1+4*MMAX*NMAX J+2*MMAX*NMAX) = CJY
STIFF(1+4*MMAX*NMAX J+3*MMAX*NMAX) = EJY
STIFF(I1+4*MMAX*NMAX,J+4*MMAX*NMAX) = GJY

c
C COMPUTE MASS MATRIX ELEMENTS
¢
¢ FIRST CALCULATE THE MASS MOMENTS OF INERTIA.

I2BARPR = RHO*H**3/(15.0*R)

I3BARPR = RHO*H**3/(60.0*R)

ISBAR = RHO*H**3*4.0/315.0

I7 = RHO*H**7/448.0

Il = RHO*H

I4BAR = RHO*H**3*17.0/315.0

AUOMASS = 0.0

BUOMASS = 0.0

CUOMASS = 0.0

EUOMASS = 0.0
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GUOMASS =0.0
AVOMASS = 0.0
EVOMASS = 0.0
GVOMASS = 0.0
EWMASS = 0.0
GWMASS =0.0
BJXMASS = 0.0
EJXMASS = 0.0
GIXMASS =0.0
AJYMASS = 0.0
EJYMASS =0.0
GJYMASS =0.0

If (NBUCVIB.EQ.1) Then

VIBRATIONS PROBLEM - WE ARE LOOKING FOR THE NATURAL

FREQUENCIES

If (M.EQ.P.AND.N.EQ.Q) Then
BVOMASS = -A*B*I2BARPR/4.0
CVOMASS = PI*A*I3BARPR*Q/4.0
AWMASS = 0.0
BWMASS = PI*A*ISBAR*Q/4.0
CWMASS = -(16*PI**2*A**2*I7*Q**2+16*PI**2*B**2*[7*P**2+9*A**

2*B**2*H**4*11(A*B*H**4)/36.0

AJXMASS = -A*B*I4BAR/4.0
CIXMASS = 0.0
BJYMASS = -A*B*I14BAR/4.0
CIYMASS = PI*A*ISBAR*Q/4.0

Else If (MOD(M+P,2).NE.0.AND.N.EQ.Q) Then
BVOMASS = 0.0

CVOMASS = 0.0

AWMASS = -B*ISBAR*M*P/(P**2-M**2)
BWMASS = 0.0

CWMASS =00

AJXMASS =0.0

CIXMASS = B*ISBAR*M*P/(P**2-M**2)
BJYMASS =0.0

CIYMASS =0.0

Else

BYOMASS = 0.0
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CVOMASS =0.0
AWMASS =00
BWMASS = 0.0
CWMASS =0.0
AJXMASS =0.0
CIXMASS =0.0
BJYMASS = 0.0
CIYMASS =0.0

End If
Else

BUCKLING PROBLEM - WE ARE LOOKING FOR THE CRITICAL BUCKLING
LOADS

BYOMASS = 0.0
CVOMASS =0.0
AWMASS =0.0

BWMASS = 0.0

AJXMASS = 0.0
CIXMASS = 0.0
BJYMASS = 0.0
CIYMASS = 0.0

If (M.EQ.P.AND.N.EQ.Q) Then
CWMASS = B*P**2*PI**2/A/4.0
Else

CWMASS =0.0

End If

End If

STORE THESE TERMS IN THE MASS MATRIX

MASS(1,J) = AUOMASS

MASS(LJ+MMAX*NMAX) = BUOMASS
MASS(LJ+2*MMAX*NMAX) = CUOMASS
MASS(LJ+3*MMAX*NMAX) = EUOMASS
MASS(I,j+4*MMAX*NMAX) = GUOMASS
MASS(I+MMAX*NMAX,J) = AVOMASS
MASS(I+MMAX*NMAX,J+MMAX*NMAX) = BVOMASS
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MASS(I+MMAX*NMAX,J+2*MMAX*NMAX) = CYOMASS
MASS(I+MMAX*NMAX,J+3*MMAX*NMAX) = EVOMASS
MASS(I+MMAX*NMAX,J+4*MMAX*NMAX) = GVOMASS
MASS(I+2*MMAX*NMAX,J) = AWMASS
MASS(I+2*MMAX*NMAX,J+MMAX*NMAX) = BWMASS
MASS(I+2*MMAX*NMAX,J+2*MMAX*NMAX) = CWMASS
MASS(I+2*MMAX*NMAX,J+3*MMAX*NMAX) = EWMASS
MASS(I+2*MMAX*NMAX,J+4*MMAX*NMAX) = GWMASS
MASS(I+3*MMAX*NMAX,J) = AJXMASS
MASS(1+3*MMAX*NMAX,J+MMAX*NMAX) = BIXMASS
MASS(I+3*MMAX*NMAX,J+2*MMAX*NMAX) = CIXMASS
MASS(I+3*MMAX*NMAX,J+3*MMAX*NMAX) = EJXMASS
MASS(I+3*MMAX*NMAX,J+4*MMAX*NMAX) = GIXMASS
MASS(I+4*MMAX*NMAX,J) = ATYMASS
MASS(1+4*MMAX*NMAX J+MMAX*NMAX) = BJYMASS
MASS(I+4*MMAX*NMAX,J+2*MMAX*NMAX) = CJYMASS
MASS(1+4*MMAX*NMAX,J+3*MMAX*NMAX) = EJTYMASS
MASS(I1+4*MMAX*NMAX,J+4*MMAX*NMAX) = GTYMASS

J=J+1
I=1+]
J=1

CALL THE IMSL LIBRARY SUBROUTINE. USE THE MASS AND STIFFNESS
¢ MATRICES AS INPUT AND FIND THE EIGENVALUES AND EIGENVECTORS.
Call DGVCRG(MSIZE,STIFF,MSIZE,MASS ,MSIZE,ALPHA ,BETA,EVECMSIZE
& )
Do 101 = 1,MSIZE
If (BETA(I).NE.0.0) Then
EVAL(I) = ALPHA(IYBETA()
Else
EVAL() = (1.0D+30,0.0D+00)
End If
10 Continue
If (NBUCVIB.EQ.1) Then
¢ PRINT OUT THE FIRST 10 MODES FOR THE VIBRATION PROBLEM

Do201I=1,10

REVAL = DREAL(EVAL(I))
AGEVAL = DIMAG(EVAL(I))

If (ABS(AGEVAL).GT.1.0D-15) Then
Write (2,5000) I

Else If (REVAL.GT.1.0D+28) Then
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Write (2,5200) 1
Else If (REVAL.LT.0.0) Then
Write (2,5100) I
Else
OMEGA = SQRT(REVAL)
Write (2,5300) LREVAL,OMEGA
End If
20 Continue
c
Else

PRINT OUT THE CRITICAL BUCKLING LOAD. THE CRITICAL
BUCKLING LOAD IS THE EIGENVALUE WITH THE SMALLEST ABSOLUTE
VALUE .

o oo o6

Do 301 =2 MSIZE
If (ABS(DIMAG(EVAL(I-1))).GT.1.0D-15) Then
Go To 30
End If
If (ABS(DREAL(EVAL(I))).GT.ABS(DREAL(EVAL(I-1))).AND.
& ABS(DREAL(EVAL(I-1))).LT.1.0D+28) Then
Write (2,5500) DREAL(EVAL(I-1))
End If
30 Continue
c
End If

PRINT OUT THE 1ST MODE OF THE DEFLECTION, W(X,Y), ALONG THE
MIDLINES OF THE PANEL: X = A2 AND Y = B2

PRINT OUT THE W EIGENVECTOR, CMN

O 0 606 06

I=1
Write (2,5600)
Write (2,5700)
MNWMIN = 142*MMAX*NMAX
MNWMAX = 3*MMAX*NMAX
Do 40 I = MNWMIN,MNWMAX
REVEC(II) = DREAL(EVEC(,1))
AGEVEC = DIMAG(EVEC(1,1))
If (ABS(AGEVEC).GT.1.0D-15) Then
Write (2,5800) IILREVECAI)
Else
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Write (2,5900) LILREVECI)
End If
II =11+

40 Continue

DETERMINE W(X=A/2,Y)

ASTEP = A/50.0
BSTEP = B/50.0
XCOORD = A20
YCOORD =0.0
Write (2,6000)
Write (2,6100)
50 WMODE =0.0
=1
Do 70 M = | MMAX
Do 60 N = 1 NMAX
WMODE = WMODE+REVEC(JJJ)*SIN(M*PI*XCOORD/A)*
& SIN(N*PI*YCOORD/B)
JIY=JJJ+1
60 Continue
70 Continue
Write (2,6200) YCOORD,WMODE
YCOORD = YCOORD+BSTEP
If (YCOORD.GT.B) Then
Go To 80
Else
Go To 50
End If
c
80 YCOORD = BR.0
c
¢ DETERMINE W(X, Y=B/2)
c
XCOORD =0.0
Write (2,6300)
Write (2,6400)
90 WMODE =00
JN =1
Do 110 M = | MMAX
Do 100 N = | NMAX
WMODE = WMODE+REVEC(J1J)*SIN(M*PI*XCOORD/A)*
& SIN(N*PI*YCOORDY/B)
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J13 =JJJ+1
100 Continue
110 Continue
Write (2,6200) XCOORD,WMODE
XCOORD = XCOORD+ASTEP
If (XCOORD.GT.A) Then
Go To 120
Else
Go To 90
End If

C
120 Return .
5000 Format (/,8X,13,11X,’EIGENVALUE IS COMPLEX’)
5100 Format (/,9X,13,11X,’EIGENVALUE IS NEGATIVE’)
5200 Format (/,9X,13,11X,’EIGENVALUE IS INFINITE’)
5300 Format (/,9X,13,10X,D20.13,12X,D20.13)
5400 Format (/,8X,13,10X,D20.13)
5500 Format (//,5X,”CRITICAL BUCKLING LOAD =",1X,D20.13)
5600 Format (//,5X,’"W EIGENVECTOR, CMN, FOR ST MODE’)
S700 Format (//,5X,’M, N’,10X,"CMN’)
5800 Format (/,5X,14,2X,14,12X,D20.13,3X,”COMPLEX")
5900 Format (/,5X,14,2X,14,12X,D20.13)
6000 Format (/,5X," DEFLECTION, W(X=A/2,Y))
6100 Format (/,5X,Y(IN.),10X,’W(A/2,YXIN.Y)
6200 Format (/,5X,F6.2,11X,E15.8)
6300 Format (//,SX,'DEFLECTION, W(X,Y=B)")
6400 Format (/,5X,"X(IN.)’,10X,"W(X, B2XIN.)")
End
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Appendix C. Sample MACSYMA Batch File

MACSYMA (17, 26) was used to perform much of the long
and complicated algebraic manipulations required for this
thesis. The foliowing is an example of the batch files used
to perform the integration of the equations of motion. This
sample generated the Galerkin equations for the clamped
boundary condition, Case (1), as described in the Boundary
Conditions section. (See Egs (67) through (72))

Notice that this file reads another file called "force-
matrix.mac." This file is not included here for brevity.

It purpose was to develop the laminate constitutive rela-
tions to be substituted into the equations of motion for the
resultant forces, moments, etc. (See Theory, Egs 33 and

35).
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Smacsyma

loadfile("torcematrix.mac")$

DEPENDS([UO,VO,W,PSI],[X,Y])$

declare([m,n,p,ql,integer)$

assume_pos:true$

uo:e[mn)*cos(m*tpi*x/a)*sin(n*$pi*y/b)$
vo:g[mnjl*sin(m*8§pi*x/a)*cos(n*$pi*y/b)$
wic[mnl*sin(m*¥pi*x/a)*sin(n*$pi*y/b)$
psi[x):a[mn)*sin(m*¥pi*x/a)*sin(n*Ipi*y/b)$
psi{y):bimn}*sin(m*$pi*x/a)*sin(n*¥pi*y/b)$
delu:cos(p*tpi*x/a)*sin(g*$pi*y/b)$
delv:gin(P*%pi*x/a)*cos(g*spity/b)$
delw:sin(p*s$pi*x/aj)*sin(q*spi*y/b)$§
delpsix:sin{p*%pi*x/a)*sin{g*¥pi*y/b)$
delpsiy:sin(p*$pi*x/a)*sin(g*spi*y/b)$

EO[{X):DIFF(UO,X)$

EO[Y]:DIFF(VO,Y)+W/R$

GO[XY]:DIFF(UO,Y)+DIFF(VO,X)$

GO[YZ):PSI[Y]+DIFF(W,Y)$

GO[X%]:PSI[X]+DIFF(W,X)$

KO[X):DIFF(PSI[X],X)$

KO[Y]:DIFF(PS1(Y},Y)$
KO[XY):DIFF(PSI[X],Y)+DIFF(PSI[Y),X)+(DIFF(VO,X)-DIFF(UO,Y))
/{(2*R)S

K1{Y]:-DIFF(PSI{Y],Y)/R$

K1[XY]:~-DIFF(PSI[X],Y)/RS

K1[{YZ]):3*K*(PSI[Y]+DIFF(W,Y))$
K1(X%]:3*K*(PST[X]+DIFF(W,X))$
K2[X):K*(DIFF(PSI(X],X)+DIFF(W,X,2))$
K2(Y]:K*(DIFF(PSI[Y),Y)+DIFF(W,Y,2))$
K2[XY]:K*(DIFF(PSI[X),Y)+DIFF(PSI[Y],X)+2*DIFF(DIFF(W,X),Y))$
K3[Y):-K*(DIFF(PSI[Y],Y)+DIFF(W,Y,2))/R$
K3[XY]:~-K*(DIFF(PSI[X],Y)+DIFF(DIFF(W,X),Y))/R$
k:-4/(3*h"2)3%

m:p;

n:q;

trigexpand:false$

writefile("clcasel.for");

wol: (DIFF(EV(N[1]),X)+DIFF(EV(N[6]),Y)~DIFF(EV(M[6]),Y)/(2*R
))*delu$

uola:expand(ev(uol))$

count:length(uola)$
uosuml:sum(integrate(integrate(part(uola,i),x,0,a),y,0,b),i,
1,count)$

ratsimp(uosuml,a[mn],b[mn)},c{mn},e[nn),g[mn]);
vol:(I2BP*OMS*PSI{Y]-I3BP*OMS*DIFF(W,Y)+DIFF(EV(N[2]),Y)+DIF
F(EV(N[6]),X)+DIFF(EV(M[6]),X)/(2*R))*delv$
vola:expand(ev(vol))$

count:length(vola)$
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vosuml:sum(integrate(integrate(part(vola,i),x,0,a),y,0,b),1i,
1,count);$

ratsimp(%,a{mn],b[mn],c[mn],e[(mn],g(mn]);
W1l:(ISB*OMS*(DIFF(PSI[X],X)+DIFF(PSI[Y],Y))-K~2*17*OMS*(DIFF
(W,X,2)+DIFF(W,Y,2))+I1*OMS*W+DIFF(EV(Q[1]),X)-K*(DIFF(EV(P[
1]),X,2)+DIFF(EV(P[2]),Y,2)+2*DIFF(DIFF(EV(P[6]),X),Y))+DIFF
(EV(Q[2]),Y)+3*K*(DIFF(EV(R[2]),Y)+DIFF(EV(R[1]),X))-(EV(N[2
])-K* (DIFF(EV(L[2]),Y,2)+DIFF(DIFF(EV(L[6]),X),Y)))/R+NBAR[1
]*DIFF(W,X,2)+2*NBAR[ 6 ] *DIFF (DIFF(W,X),Y)-NBAR[2]*(1/R-DIFF(
W,Y,2)))*delw$

wla:expand(ev(wl))$

count:length(wla)$
wsuml:sum(integrate(integrate(part(wla,i),x,0,a),y,0,b),1i,1,
count)$

ratsimp(%,a[(mn],b[mn},c[mn],e{mn],g{mn]);

psixl: (ib4*oms*psi[x]-ib5*oms*diff(w,x)+k*(diff(ev(p[1l]),x)+
diff(ev(p(6]1),y))+diff(ev(m(1]),x)+diff(ev(m[6]),y)-ev(q[l])
-3*k*ev(r[l])-(diff(ev(s[6]),y)+tk*diff(ev(1l(6])),y))/r)*delps
ix$

psixla:expand(ev(psixl))S$

count:length(psixla)$
psixsuml:sum(integrate(integrate(part(psixla,i),x,0,a),y,0,b
y,1,1,count)$

ratsimp(%,a[mn],b[mn],c[mn],e[mnn],g[mn});

psiyl: (ib4*oms*psi[y]-ib5*oms*diff(w,y)+k*(diff(ev(p(2]),y)+
diff(ev(p(6]),x))+diff(ev(m[2]),y)+diff(ev(m[6]),x)-ev(q(2])
-3*k*ev(r[2])-(diff(ev(s[2}),y)+k*diff(ev(1[2]),yY))/r)*delps
iy$

psiyla:expand(ev(psiyl))$

count:length(psiyla)$
psiysuml:sum(integrate(integrate(part(psiyla,i),x,0,a),y,0,b
),i,1,count)$

ratsimp(%,a(mn],b[mn],c(mn],e(mn],g(mn]);
save("clcasel.mac",uosuml,vosuml,wsuml, psixsuml,psiysuml);
CLOSEFILE();

quit();

Sexit
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Appendix D. Galerkin Equations

This Appendix contains the Galerkin equations derived for

the clamped and clamped-simple boundary conditions as

described in Section II.
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The Galerkin equations for Case (1) for the clamped

boundary condition are as follows:

Equation (56) for u, becomes:

A0+ B0
- Can{({(-32%°E;, - 167°E,,) a’pg? - 16n*E) b?p31 R? + [(32n3F
+ 16n°F,) a’pg? - 12nA,,a*b%h?p] R - 8n3G,sa’pg?)/48a’bh*R?}
- Ep,{[(12n2A,,a*h?g? + 12%%A,,ab?h?p?) R? - 12n%B,,a’h?*g?R
+ 3n2D,a’h?q?] /48a*bh?R?)
- Gum{[ (12724, + 127m2A;,) a®bh?*pgR? - 3w2D,,a*bh?pq) /48a%bh?R?)
=0

Equation (57) for v, becomes:

A 0 + Byt 0
- Cua{([ (-32%3E,, - 16%°E,,) b’p*q - 167°E,a’q*1 R? + (16n’F,a%q?
- 12mA,,a%b?h?q) R + 8n°G,cb?p?q)/48ab*h?R?)
- Ep{[(127%4,, + 12n2%A ;) ab*h®*pgR? - 3n2Dc,ab*h?pq)] /48ab2h?R?)
- Gpa{[(12n%A,,a%bh*q* + 12n%A(b3h?p?) R? + 12n2B,;b h?*p?R
+ 312D, bh?p?] /48ab2h?R?} = {raqT,/4}w?C,,
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Equation (58) for w becomes:

Apy O + B0 O
* Cun{[(-167¢H,,a%g* + [(-64m*Hyq ~ 32n%H,;,) a’b?p? - 9n?A,a'b2h*
+ 72®2D,,a*b%h? - 144n2F,,a*b?] g% - 16nH,, b*p*

+ (-9m2A,,a?b*h® + 72n2D,;a’b*h? - 144n%F, a’b*) p?)R?

+

(32m4I,,a%q* + [(64ntI,, + 32%%I,,) a’b?p? -24xn2E,,a*b%h?%] g°

24n2E,a’b*h?’p?R - 16m*J,a'q* + (24n?F,,a‘b?h?

16n'Jca’b?p?) g - 94,,a*b*h']/36a°b*h*R?}
+ Ean{([(24%3Ey + 127°E,,) a’b?h?pg? + 12%°E;,ab*h?p’] R?
+ [(-24n3F,, - 12n3F,,) a’b2h?pqg? + 9=mA,,a’b*h'p]R
+ 6%3G,qa’bh?pg?)/36a°b>h*R?)
+ Gp{([12n3E,,a*bh?g® + (24n3E, + 127°E,,) a’b*h’p?q] R?
+ (9mA,,a*b3h*q - 12n3F,,a*bh?q’) R
- 6n3G,,a’bh?p?q)/36a°b3h*R?} = - {[16n%L,(a?g? + b?p?)

+ 9a2b2h*I,] /36abh*}w?C,, + {R2bp?/4a}N,Cp,
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Equation (59) for ¥, becomes:

- Ay, {([(9n2Dgga?h* - 24n2F,,a%h? + 16w2Hgga?) g2 + (9n?D,, b2h*
- 24n?F,,b%h? + 16%2H,,b%)p? + 9A,,a’b%h* - 72D,;a’b?*h?
+ 144F;,a?b?]R? + (-18=m2E,,a?h* + 48n2G,,a%h? -32n2Ia?) g?R
+ (9n?Fa%h* - 24n2H, a’h? + 16727 ,a%) g?)/36abh*R?}

- B, {({ (9%2D,a%h* - 24n?F,ca?h? + 16n2Ha?) g2 + (9n*D,(b%h*
- 24%%F,;b%h? + 16n%H,b?) p? + 9A,;a’b?h* - 72n2D,;a’b?h?
+ 144F,,a%b?] R? + (-187n2E,;a*h* + 48n%G,,a*h? -327%%I,.a%) g°R
+ (9n?Fea%h* - 24n’H a’h? + 16n2J,,a®) g?)/36abh*Rr?)

+ Cp' 0 + E*0 + Gpp 0 =0

Equation (60) for ‘Py becomes:

= A, {([(972D,ga%h® - 24n%F,;a%h? + 16n%Ha?) g* + (9n*D, b%h*
- 24xn%F,;b2h? + 16n2H,;b%)p? + 9A,;,a*b?h* - 72D,;a*b*h?
+ 144F,a%b?]R? + (-18%2E,;a*h* + 48n%G,;a%h? -32n°I,.a?) g°R
+ (9n?Fga%ht - 24n’H, a’h? + 16n°J,.a%) g?)/36abh*R?)
= By, {([(97%D,,a%h* - 24n%F,,a%h’ + 16n2H,,a?) g% + (982D, b%h*
- 24n2?F,(b%h? + 16n%H,b?) p? + ¢A,,a’b?h* - 72D,,a’b?h?
+ 144F, a%b?)R? + (-18%n2%E,,a%h* + 48n%G,,ah? -32n%I,,a*) g°R
+ (9m2F,,a%h* - 24n?H,,a’h?® + 1672J,,a%) g?)/36abh*R?)
+ Cpp" 0 + Ep' 0 + Gpp' 0 = 0
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The Galerkin equations for Case (2) for the clamped

boundary conditions are as follows:

Equation (56) for u, becomes:

Ay, {[(12mBh? - 16®E, ) npgR + [(12nF4
- 9nD,¢h?) npq] /6 Rh?(g* - n?)}
+ By, {([(6mBsg + 61B,) h? -~ 8nE; - 8WE,, ] npgR + [(-3nD,
- 6mD,) h? + anF,, + 8nF,,1 npq)/6h*R(g? - n?)}
+Cpp' 0 +E, °0+G,°0=0

Equation (57) for v, becomes:

Ay, {([(6m2B,ca2h? - 8m2Eya®)ng? + (6m2Bb%h?
- 8n2E,b2)np?] R + (8n%F,.a? - 6x2D,;a*h?)ng?
+ (3®r2D,(b%h? - 4n%F, b?) np?)/6nabh’R(q? - n?)}
+ By, {([(67?B,,a%h? - 8n2E,,a%) ng® + (6m*B; b2h?
- 8n%E,b?)np?] R + (8n%F,,a? - 6%%D,,a’h?) nq?
+ (3n2Db2h? - 4n?F, b?) np?)/6mabh?R(q? - n?)}

+ Cgp "0 *+ Ep 0 + Gy 0 = {abnI;/x(q? - n?)}w?B,,

216




Equation (58) for w becomes:

{([(36m2F,gb%h? - 48w2H,(b?)np? + (12m?F,a%h?

16n2H,,a%)n® + (-9A,,a%b?h* + 72D,,a%b?h?

144F,;a’b?)nl gr? + [(327n2I,,b? - 24n%G,,b%h?) np?

(32n2I,.a% - 24n?G,qa%h?)n>® + (9B,,a’b?h*

+

- 12E,;,a%b%h?)nl gR + [(12n2H,,a’h? - 1672J,.a?)n?

-+

(12F,;a?b%h? - 9D,,a’b%h*) n]l g)/9abh*R?(g? - n?)}

mn

{[([(2an?Fy + 12n%F,,) b2h? + (-32n%H, - 167%?H,,) b?] np?

+

(12n2F,,a%h? - 16xn2H,,a?)n?® + (-94,,a’b?h* + 72D,,a%b?h?

144Fa’b?) n)gR? + ([(-12n2Gy, - 127%G,,) b?h? + (167m2I,

+

16®2I,,) b3l np? + (327n%I,,a? - 24n%G,,a*h?)n’® + (9B,,a’b%h*

- 12E,,a’b*h?)n)qR + [(12n%H,;a*h? - 16n?J,,a%) n>

+

(12F,,a?b%h? - 9D,,a?b?h*) n] g|/9ab%h*R?(g? - n?)}

*0 + Ep 0 + G 0 = - {angZ,/(g? - n?) }w?B,,
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Equation (59) for ¥, becomes;

A, 0 + By O

= Cpy {([(9672H,(b? - 72n2F,(b2h?) np? + (32n%H,.a?

24n?F,;a’h?)n® + (18A,,a’b%h* - 144D ,,a’b?h*

+

288F,;a?b?)n] gr? + [(48n%G,(b2h? - 647121, .b?) np?

+

(48n2G,qa%h? - 64nI,,a?)n’ + (24E,,a’b?h?
- 18B,,a*b%h*)nlgrR + [(32n%J,,a% - 24n?H,,a’h?)n?
+ (18D,,a%b?h* - 24F,;a’b?h?®)n]l q)/18ab?h*R?(g? - n?)}
- Ep, {[(36nB,;ab%h* - 48nE (ab’h?)npgR? + (36mFsab2h?
- 27nD,sab%h*) npgR] /18ab?h*R?(g? - n?)}

- Gy, {([(187Bb3h* - 24nE b*h?)p? + (18%B,,a’bh*

24nE,.a’bh?)n?l gr? + [(9%nD,;b3h* - 12nF,b>h?)p?

-+

(24nF,ca®bh? - 18nD,ca’bh*) n?] gR)/18ab?h*R*(g? - p?))
0

1]
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Equation (60) for ‘Py becomes:
Ay 0+ B0

- Cop {[([(-4872Fs - 24n%F,,) b?h? + (64n2Hg, + 32n°H,,) b?] np?
+ (32n2H,,a? - 24n%F,,a%h?)n® + (18A4,,a’b2h* - 144D, a’b%h?
+ 288F,a’b?) n)gR? - ([(241n%G,, + 24n2G,) b?h? + (-32n2I,
- 32n2I1,,) b2l np? + (48%%G,,a%h® - 64n%I,,a%)n*® + (24E,,a?b?*h?
- 18B,,a%b*h*) n)gR - [(327n%J,,a% - 24n?H,,a°h?) n?
+ (18D,,a%b?h® - 24F,,a’b?h?®) n} g]/18ab*h*R*(q* - n?)}

- Ep, {({(18nBy, + 18mB,,) ab?h* + (-24nEg - 24nE,,) ab®h?] npgR?
+ [(-9nDg - 18nD,,) ab%h* + (127 F,,
+ 241tF12)abzhz]nqu)/18ab2h4R2(qz - nz)}

= Gpp ([(187Bg b3h* - 24nEb>h?)p? + (18nB,,a’bh*

24nE,,a*bh?)n%lgqR? + [(9nD,cb3h* - 12nF,,b3h?) p?

+

(24nF,,a’bh? - 18nD,,a’bh*) n?] gr)/18ab?h*R?(q? - n?)}

{angI,/ (g* - n?)}wCy,
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The Galerkin equations for Case (3) for the clamped

boundary condition are as follows:

Equation (56) for u, becomes:

Am, {([(6mBgga’h? - 8nEa®)mg? + (8RE,,b? - 6nB,,b2h?) mp?
+ (12nB),;b?h? - 16nE,b?)m*1 R? + (12nF,a% - 9nD,,a2h?) mg?R
+ (3nEa’h? - 4nG,a®) mg?)/6abh*R? (p* - m?))
+ By, {([ (61B,ca%h? - 8nE,;a®)mg? + (8nE,b? - 6%B,;b2h?) mp?
+ (12nB,,b?h? - 16%E,;b?)m*1R? + (12nF,,a? - 9nD,,a%h?) mg?R
+ (3mE,,a’h? - 4nG,qa®) mg?)/6abh®R? (p? - m?)}
+ Cpp" 0 + Epp* 0 + Gp 0 =0

Equation (57) for v, becomes:

Ap, {([ (6mBgg + 6%B,,) h? - 8RE,, - 8nE,, ] mpgR? + (47Fg,
- 3nDseh?) mpgR + (4%Gyq - 3nEh?)mpg)/6h%R?(p? - m?)}
+ Bp, {[(12%B,sh? - 16WE, ) mpgR? + (4nF,, - 3nD,ch?) mpgR
+ (47G, - 3nE,ch*)mpqg] /6 h*R?*(p? - m?)}
+ Con° 0 + E ()00 + G0 =0
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Equation (58) for w becomes:

- Ap, {[([(24R%F, + 128%F;;) a®h? + (-32n2Hy - 16%%H;,) a’lmpg®
+ [(12n?F,,b%h® - 16n2H,,b?)m*® + (-9A;;a%b%h* + 72D;sa’b?h?
- 144F;,a’b?)mIp)R? + ([ (-367%Gy, - 12n%G,;) a®h? + (48n%I
+ 16n%I,,) a?lmpg? + (9B,,a%b%h® - 12E,,a’b*h?) mp)R

+ (12n%Ha%h? - 16n°Jgea®) mpq?])/9abh*R? (p? - m?)}

- By, {[((36n2F,ca%h? - 48n’Hya®)mng® + [(12w%F cb2h?
- 16n2H,.b?)m® + (-9A,,a’b*h* + 72D,;a’b?h?
- 144F,;a%b?) mIp)R? + [(64n’I, a? - 48n%G,,a*h?) mpq?
+ (9B,qa%b%h* - 12E,,a?b?h?)mp] R + (12n%H,,
- 161:2J26a2)mpqz]/sazbh‘R2 (p? - m?)}
4+ Cpp "0 + Epy O + Gppr 0 = ~{bmpI,/ (p? - m?)}w?Ay,
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Equation (59) for ¥ becomes:

A, 0 + By 0

~ Cpn {[([(-487%F¢q - 247?Fy,) a%h? + (64n%H, + 32=n2H,,) a%] mpg?
+ [(32n2H,,b? - 24n?F,,b?h?)m*> + (18A,.a%b%h*® - 144D,.a’b%h?
+ 288F;,a?b?) mlp)R? + ([(721%G,¢ + 247%G,,) a?h? + (-96m2I,,
- 32n%I,,) a’lmpg? + (24E,,a?b%h? - 18B,,a?b?h*) mp)R
+ (32m2J,,a? - 24n’H,ga%h?) mpq?]/18a2bh*R? (p? - m?)

- En, {([(18%Bgea’h* - 24nEa’h?) pg? + (18nB;,ab’h*
- 24mE,,ab?h?)m?p) R? + (36:nF,,a’h? - 27nD,,a*h*) pg?R
+ (9mE,a’h* - 12nG,a’h?) pg?)/18a%bh*R?(p? - m?)}

- Gp, {([(18%Bgg + 18%B,,) a?bh* + (-24REy - 24mE,,) a’bh®] mpgR?
+ (12nF, a?bh? - 9nDs,abh) mpgR + (12%Gg,a’bh?
- 9‘uE',56azt:th“)mpq)/leaz‘.bh‘*Rz(p2 - m?)}

= {bmpI,/ (p? - m?)}w2Cy,,
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Equation (60) for ‘l’y becomes:

Ay, 0+ B, 0
- Cun {[((9672H,qa? - 72%%F,ca®h®) mpg® + [(32n%H,b?
- 247%%F,(b%h?)m3 + (18A,,a’b%h* - 144D,,a2b%h?
- 288F,;a’b?)m]p)R? + [(96n?G,,a’h? - 128n?I,.a?) mpg?
+ (24E,,a?b%h? - 18B,;a’b?h*)mp] R + (32m2J,.a?
- 24n%H,,a*h?) mpg?)/18abh*R?(p? - m?)}
- E,, {([(181B,gah* - 24nE,;a*h?) pg? + (18nB,ab’h*

- 24nE,,ab®h?)m?p] R? + (36nF,,a’h? - 27nD,ca’h*) pg?R
+ (9nE,a’b* - 12nG,,a>h?) pq?)/18a?bh*R?(p? - m?)}

- G, {[(36nB,,a%bh* - 48nE,;a’bh?) mpgR? + (12nF,a?bh?
- 9nD,,a’bh*) mpgR + (12®G,;a?bh?

- 9nE,;a’bh*)mpq] /18a%bh*R?(p? - m?)} = 0
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The Galerkin equations for Case (4) for the clamped

boundary conditions are as follows:

Equation (56) for u, becomes:

A, 0 +B,°0

+ Cpn {[(-32%%E,(b?mnp? - 16%°E,;a’mn’® - 16n2E,b*m>n) gR?
+ [16n2F ¢b2mnp? + 24xn%F,;a’mn® + (8n2F,b’m?
- 12A,,a%b%h%m)nl qR + (6B,,a%b*h*mn
- 8u2626a2m3)q1/3nab2h2 (p2 - mZ) (qZ - n2)}

+ E,, {[(127A  ab%h?np? + 12mA ,ab’h’m?n) gR? + (-6nB,cab?b?np?
- 6%B,cab2h?m?n) gr] /3nabh?R? (p? - m?) (g% - n?))

+ G, {[ (1274, b°h?mp? + 12mA,;a’bh?mn?) gR? + (6nB,cb>h%mp?

- 6®B,qa2bh?mn?) gR] /3nab2h?R?(p? - m?) (g? - n?)} = 0

Equations (57) for v, becomes:

Ay’ 0 + By O

+ Cm {[[(-16%2E,ga’mn® - 16%E,;b?*m*n) p - 32%%E,.a’mnpg®] R?
+ (16n%F,qa’mnpg? + [8®%Fga’mn® + (-8n*F,¢b’m?
- 12A,;a?b*h?m) nl p)R + (8n2G,ca’mn?
- 6B,,a*bh%mn) p|/3na’bh*R?(p? - m?) (g* - n?)}

+ E,, {[(12mA,,a*h?npg? + 12mA,(ab*h?m?np) R? + (6%B,;ab’h’m?np
- 6mB,a’h?npg?) R] /3ra’bh?R?(p? - m?) (g% - n?)}

+ Gy, {[(12mA,4a2bh’mpg? + 1274, a’bh?mn?p) R? + (6nB,sa’bh’mpq?

+ 6%B,;a’bh?mn?p) R] /3na’bh?R*(p? - m?) (g* - n?)} = 0
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Equation (58) for w becomes:
Ap, *0 + By 0

- Cpp {[([(-727A,;a%b2h* + 576nD,;sa’b?h? - 1152%F,;a%b?)m
- 256n°H (b’m*1n - 256n3H,ca’mn®)pgR? + [384n°I,.a’mn?®
+ (1287n°I,.b%m® ~ 192nE,;a’b%h’m)nl pgR + (96w F,;a’b2hmn
- 1281:3J26a2mn3)pg]/91ta"’bzh"R2(p2 - m?) (g2 - n?)}

- E,, {((48n%E,sa*h?n® + 144n%E ;ab®h’m?n) pgR? + [(36A,a’b?h*
- 72n%F,(,ab®h?m?)n - 72%%F,;a*h?n®*] pgrR + (24n2G,,a’*h?n?
- 18B,;a°b%h*n) pg)/9mab2h*R? (p? - m?) (g* - n?))

- G, [(144n2E,;a’bh?mn? + 48%%E,;b3hm?) pgR?
+ (-72n2F,ca’bh?mn? + 24n%F,b3*h*m® + 36A,.,a’b3h*m) pgR
+ (18B,,a%b3h*m - 24n%G,,a’bh?mn?) pql /9na’b2h*R?(p?

-m?) (g -n?} =0

Equation (59) for ¥ becomes:

A, {[(72D;¢h* - 192F,;h? + 128H,() mnpgR + (-72E,¢h*
+ 192G,gh? - 1281,,) mnpql /9h*R(p? - m?) (g? - n?)}
+ By, {([(36Dgg + 36D;,) h% + (-96F,, - 96F,,) h? + 64H,,
+ 64H,,1mnpgR + [(-36E,, - 36E,,) h* + (96G,, + 96G,,) h?
- 641, - 64I,,]mnpq)/54*R(p? - m?) (g* - n?)}

+ Cpp' O + Epp* 0 + Gy 0 = 0
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Equation (60) for '!y becomes:

A,, {([ (36D + 36D;,) h* + (-96F, - 96F;,) h? + 64H,,
+ 64H,ImnpgR + [(-36E,, - 36E,,) h® + (96G,4 + 96G,,) h?
- 641, - 64I,,1mnpg)/9h*R(p? - m?) (g% - n?))
+ B,, {[(72D,sh* - 192F,;h? + 128H,,) mnpgR + (-72E,;h*
+ 192G,¢h? - 1281,,) mnpql /9h*R(p? - m?) (g% - n?)}
+ Cpp* 0 + Ep° 0+ G, 0 =0
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The Galerkin equation for Case (1) for the clamped-simple

boundary condition are as follows:

Equation (56) for u, becomes:

A0

B, {([(12%%B,, + 12n%B,,) a’bh? + (-16n%E,, - 16n?E,,) a’b] pqR?
+ [(-6®2D,, - 12w2D,,) a®bh? + (8m2F,

+ 16%%F,,) a’b] pqR)/48a°bh?R}

Cun {([ (-32%3E; - 16%3E,,) a?pg® - 167°E;,b*p | R? + [(32n°F,

+ 167m°F;,) a’pg? - 12mA;a*b*h?p] R - 8n°G,ca’pg?)/48a?bh?R?)

E,, {[(12n%A,,a*h?g? + 12n%A,,ab?h?p?)R? - 12m?Bga’h?g®R
+ 3n2D,c,a’h?g?]l /48a2bh?R?}

Gm {[ (12724, + 12n%A,,) a’bh?pgR? - 3n2D,a’bh?pq)] /48a2bh?R?}
=0
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Equation (57) for v, becomes:

A _*0

By, {([(12n®B,,a’bh? - 16n2E,a’b) q*> + (12n?Bgcb>h?

- 16n2E,b3) p?1 R? + [(16®?F,,a%b - 12%2D,,a’bh?) g2
+ (6m%Dy,b*h? - 8n?F,b’) p?] R)/48ab*h?R?}

- Cap {([(-320%E, - 16%°E,,) b’p?q - 16%°E,,a%q>] R?
+ (16n3F,,a%q® - 12nA,,a’b%h*q)R

+ 8n3G,cb?p?q)/48ab*b?R?}

Eg {[(12%%A, + 1272A,,) ab®h?pgR? - 3n2D,ab’h?pq] /48ab?h?R?)

Gun { [ (12%24,,a%bh?q? + 12724, b3h?p?) R? + 1272B, b3h?p?R

+ 3n?D,,b*h?p?] /48ab%h?R?)} = -{ab].—'z'/4]=}(.)2B,,m + {‘ttaq:f;'/4}(.)2c,,m

228




Equation (58) for w becomes:

Ay, " O

+ an {{[(121;3F2234bh2 - 1611:3H22a‘b) q3 + ({(24,“31;,66

+

12%3F,,)a?b3h? + (-32%3H,, - 16n3H,,) a*b3] p?
- 9mA, a‘b*ht + 728D a*b*h? - 144nF,a’b?)glR?
+ [(32n3I,,a%b - 24%%G,a'bh?) g + ([(-1273Gy

- 12%n%G,,) a’b*h? + (16%3I, + 16n3I,,)a%b3]p? + 9nB,,a*h*h*

t

12nE,a*b*h?)q|R + (12n°H,a'bh? - 16w°J,ab) ¢°
+ (12nF,a%b*h? - 9nD,,a*b3h?) g}/36a>b>h*R?}
+ Cpy {[(-167%Hza%g + [(-64n*Hyg - 32n°H,,) a’b?p? - 9n2A, a*b%h*

+ 72%2D,,a*b%h? - 144n3F,,a*b?] q® - 16n*H,,bp*

+

(-9m2A;.a?b*h® + 72n%D,.a’b%h? - 144F,;a%b*) p?)R?

+

(32n%I,a%q® + [(64n‘I,, + 327l ,)a’b?p?

24n%E,,a‘b%h?] g* - 24n%E,,a’b*h?’p?R - 167n'J,a'q?

+ (24m2F,,a%b2h? - 1674J,,a2b?p?) g? - 94,,a'b*h]/36a°b*h*R?
+ E., {([(24n°E, + 12%°E,,) a’b%h?pg? + 12n°E, ,ab*h?p*] R?

+ [(-24n3F, -12n3F,) a’b2h?pg? + 9x%A,,a’b*h*plR

+ 67°Gga’b?h?pg?)/36a°b3h*R?
*+ G, {([127°E,,a*bh?q® + (24n3E, + 12n°E,,) a’b3h?p?q] R?

+ (9®mA,,ab*hiq - 12x%F,,a*bh*q®) R

- 6®°Ggea’b>h?p?q)/36a’b>h*R? = {naqf5/4}w28m

- {[16%%I,(a?g? + b?p?) + 9a?b?h'I,]/36abh*}w?Cy,

+ {rnbp?/4a}N,C,,
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Equation (59) for ¥, becomes:

- Ap, {([(9m%D,a%h? - 24m?Fqah? + 16n2Hca?) g? + (9n2Dyeb?h?

- 24n2b%h? + 16m2H,,b?)p? + 9A,,a2b2h* - 72D,,a?b?h?

+

144F,a’b?] R? + (-18n2E;,a%h® + 48m2G,,a%h? - 32n?I,.a?) @°R

+

(9n2F,ca2h® - 24n?H,a’h? + 16n2J,.a%) g%)/36abh*R?

-{abI,/4}w?A,,

Equation (60) for Ty becomes:

A O

mn

- By, {({(18n2D,,a%bh* - 48n?F,,a’bh? + 32n%H,,a’b) g*

+

(18%2D,,b>h* - 48n%F,b3h? 32n2H,b3) p? + 18A,,a’b’h*

144D,,a°b3h? + 288F,,a’b’]R? + (-36n%E,,a’bh*

+

96®2G,,a?bh? - 64n%I,,a%b) g?R + 18n?F,,a’bh* - 48n?H,,a’bh?

+

32n2J,,a%b) q?)/72ab?h*R?}

{[(32n°H,,a% - 24n°F,,a%h?) @ + ([(-48n°F¢, - 24n°F,) b2h?

mn

+

(64m3H,, + 327n°H,,) b1 p? + 18nA, ,a%b2h* - 144nD,,a%b%h?

+

288nF,,a’b?)qg|R? + [(487°Gya%h? - 64n’I,a%) g’ + ([(24n7G,

+

247m3G,,) b2h? + (-32w%I,, - 32x2I,,) b%[p? - 18nB,,a2b2h*

+

24nE,,a%b?h?)glR + 327m°J,,a% - 24n°H,a*h?) ¢
+ (187nD,,A?b?h* - 24nF,a’b?h?) q}/72ab*h*R?}

- En, {([(18%2B, + 18%%B),) ab*h* + (24n%E,, - 24n%E,,) ab*h?]) pgR*
+ [(-9n%D,, - 18n%D;,) ab?h! + (12n2F,

+ 24n%F),) ab’h?1 pgR)/72ab*h*R?)
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{({(18n%B,,a%bh* - 24%%E,,a’bh?) g* + (18%%B, b>h*

24n2E b3h?) p?] R? + [(24=n%F,,a’bh® - 18%2D,,a%bh?) g2

+

(9n2D, b*h® - 12n%F  b3h?) p?] R)/72ab*h*R?}

—{abl—]/tl}o)"’Bm + {naqf5/4}mzcm

The Galerkin equations for Case (2) for the clamped-

simple boundary condition are as follows:

Equation (56) for u, becomes:

Ap, {[(12%B,¢h? - 16nE,) npgR + (12nF,y - 9nD,ch?) npq] /6 h?R(g?

-n%)} + By 0+ Cp0+E0+Gy,,0=0

Equation (57) for v, becomes:
Ap, {([(67B,ga?h? - 8nE,ca?)ng? + (6nB,gb%h? - 8nE, b?)np?]R
+ (8nF,ga? - 6nD,,a%h?)ng? + (3nD,(b%h?

- 4nF,,b?) np?)/6abh?R(q? - n?)}
+ By 0 + Cpp' O + Ep* 0 + G,y 0 = 0
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Equation (58) for w becomes:

- Ay, {(1(36%2F (b%h? - 48n%H,,b?) np? + (12n%F,za*h?

- 16n%H,ca%)n® + (-94,,a’b*h* + 72D, ;a*b?h?

144F,;a’b?)nl gr? + [(32%2I,,b? - 247n%G,(b%h?) np?

+

(32n2I,,a% - 24n2G,,a%h?)n® + (9B,,a’b?h*

12E,;,a?b2h?)nl grR + [(12n2H,,a?h? - 16n2J,.a?)n’

+

(12F,ga2b%h? - 9D,;a’b*h*) n] g)/9ab?h*R?(g? - n?)}
0+ Cpr O+ E -0+ Gp0=0

Equation (59) for ¥ becomes:

A -0
- By, {([(18n2Dysbh* - 48n?F, b3h? + 32n2H,(b%)p? + (18n2D,a’bh*
- 48n%F, a’bh? + 32n2H,,a%b)n? + 183,.a%b>h* - 144D, ;a’b’h?
+ 288F,,a2b>] gR? + (-36W2E,;a2bh* + 96n2G,qa’bh?
- 64n?I,.a%b)n’grR + (18n?F,.a’bh* - 48n%H,,a’bh?
+ 32nJ,,a’b) n?q)/18nab?h*R?(q? - n?)}
-~ Cpp {([(96R°H,(b? - 7273F,b2h?) np? + (32n°H,ca® -24n’Fya’h?) n’

+

(18m®A,;a’b’h® - 144nD,;a’b*h? + 288nF,,a’b?) n] gR?

+

[ (487G, (b?h? - 64n>I,b?)np? + (48n3G,,a%h? - 64n3I,;a?)n?

+

(24nE,;a?b%h? - 18nB,,a’b2h*)nlgrR + [(32n3J,.a?

24n3H,gah?)n3 + (18nD,;a’b?h*

24nF,,a’b?h?)n] g)/18nab?h*R?(g? - n?))}
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- E,, {[(36n2B,;ab%h* - 48n2E,;ab?h?) npgR? + (36n?F,,ab?h?
- 27n2D,;ab?h*) npgR] /18nab%h*R?(g? - n?)}
= Gpp {([(1872B,(b3h* - 24n%E,b>h?)p? + (18n?B,sa’bh*

- 24n?E,.a’bh?)n?] gR? + [(9n2D,;b3h* - 127%F,b3h?)p?

+

(24n?F,ca?bh* - 18n2D,ca’bh*)n?1 gR)/18nab?h*R?(g?-n?)}

0

Equation (60) for Ty becomes:

A, {([(9%2D,ca%h? - 36n2F,ga®h? + 32n2H,a?) ng? + (9n2D,b2h*

24n%F,;b%h? + 16n%H,b?)np? + (12n2F,,a®h? - 16n2Ha?)n?

+

(94,,a%b2h* - 72D ,;a%b?h? + 144F a’b?)nl R?+ [ (-18n%E,cah*

+

72%2G,,ah? - 64n?I,.a®)ng® + (32n%I,.a% - 24n%G,,a%h?)n3lR

+

(9n2F,;a%h® - 36n%H,;a%h? + 32n%J,,a®)ng® + (12n2H,ca’h?
- 16n%J,ca?) n®)/9nabh'R? (g% -n?)}
“0 + Cpp* O + Epr 0 + Gp* 0 = 0
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The Galerkin equations for Case (3) for the clamped-

simple boundary condition are as follows:

Equation (56) for u, becomes:

Ap, {([6mBgga®h? - 8nEa?)mg? + (6mB,b?h? ~ 8nE, b?) mp?] R?
+ (12nF a2 - 9nD, a’h?)mg?R + (3nEah?
- 4nG,a?) mg?)/6abh?R? (p? - m?)}

+ B0 +Copt0+E, c0+ G0 =0

Equation (57) for v, becomes:

Ap, {([(6mBgg + 6%B,,) h? - 8nE,, - 8nE;, 1 mpgR® + (4TFg,
- 31D, h*)mpgR + (4%G,s - 3nE,h?)mpqg)/6h*R?(p? - m?)}
+ Byt 0 + Cpp' O+ Ep0 +Gp°0=0
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Equation (58) for w becomes:

- Ay, {[([(24n2Fq + 12n2F;;) a%h? + (-32n2Hge - 16W2H,,) a?] mpg®
+ [(12n2F,b%h? - 16%%H,, b?)m* + (-9A;.a’b%h* + 72D,.a’b%h?
- 144F,;a’b?)mlp)R? + ([ (-36n%G, - 127%G,,) a*h? + (48m?I
+ 161%I,,) a®’lmpg? + (9B,a%b?h* - 12E,,a?b%h?) mp)R
+ (12n%Ha%h? - 16nHgea®) mpg?)/9a’bh'R?(p? - m?)}

+ Byp "0 + Cpp® O + Epp* 0 + Gpyr 0 = ~{bmpIy/ (p? -m?) }0?A,,

Equation (59) for ¥ becomes:

A

an

-0
- By, {([(18nD,s + 18nD,,) a?bh* + (-48nF,, - 48nF,,) a’bh?
+ (32mH,, + 32mH,,) a’blmpgR? + [(-18nE, - 18nE,,)a’bh*
+ (487G, + 48nG ) a’bh? + (-32nI,,
- 32nI,,) a*bl mpgR)/18a%bh*R? (p? - m?)}
= Cpn {[([ (~48%%Fs - 24n?F;,) @a%h? + (64n’Hg, + 327%H,,) a®] mpq®
+ [(32n2H,,b? - 24%2F,,b%h?)m*® + (18A,,a2b%h*® - 144D,;a*b%h?
+ 288F, a’b?)mlp)R? + ([(72n%G, + 247m2G,,) a%h? + (-96m> I
- 32n%1,,) a®lmpg? + (24E,,a®b*h? - 18B,,a’b*h*) mp)R
+ (32n%Ja® - 24n%Ha’h?) mpg?)/18a’bh*R?(p? - m?)}
- Ep, {([(18nBgga’h® - 24nEa*h?) pg? + (18nB,ab?h*
- 24%nE,,ab?h?)m?pl R? + (36nFsga’h? - 27nD,,a’h*) pg?R

+ (9nE;a’h* - 12nG,ca*h?) pg?)/18a’bh*R?(p? - m?)}
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- Gpy {([(187Bgq + 18%B,,) a’bh® + (-24%Eg ~ 24%E,,) a’bh?] mpgR*
+ (12nF, a%bh? - 9nDgga’bh®) mpgR + (12nG,ca2bh?

- 9nE,a%bh*) mpg)/18a%bh*R? (p?-m?)} = (bmpI/ (p?-m?)}w?Cy,

Equation (60) for ‘Py becomes:

Ap {([(9RDgg + 9%D;,) h* + (-24WFg - 24nF,,) h? + 16TH,
+ 16%H,,1mpgR + [(-9TE, - IWE,,) h* + (24nG,, + 247nG,,) h?
- 16®I,, - 16nI,,1mpqg)/9h*R(p? - m?)}
+ Bpy *0 + Cpp O + Ep" 0 + Gy 0 = 0
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The Galerkin equations for Case (4) for the clamped-

simple boundary condition are as follows:

Equation (56) for u, becomes:

A

¢ 0

+

By, {([(128B,sb*h? - 16%E,b*) mp? + (12nB,cabh?
- 16nE,;a’b)mn?] gR? + (24nF,a%b - 18nD,;a*bh?) mn?gR

+ (6mE,qa’bh? - 8nG,ca2b) mn%qg)/3nab2h?R?(p?-m?) (g?-n?)}

+

Cun {((-32%%E; b*mnp? - 16n2E,;a’mn® - 16n°E,¢b’m>n) qR?
+ [16%%F,;b’mnp? + 24%%F,;a’mn® + (8n2F,;bm?
- 12A,,a’b?h2m)nl gR + (6B,ca’b2h’mn

- 8n2G,,a’mn?) q)/3nab%h?R?(p?-m?) (g?-n?)}

+

E,, {[(128A ab%h?np? + 12nA,.ab%h*m?*n) gR + (-6mBy,ab*h’np?

- 6xB,(ab?h?m?n) qr] /3nab*h*R?(p?-m?) (g*-n?)}

+

Gan { [(127A;(b*h%mp? + 12nA,,abh’mn?) gR? + (6%B,gb>h?mp?

- 6nB,ga’bh?mn?) gR] /3nab?h?R?(p?-m?) (g*-n?)} = 0
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Equation (57) for v, becomes:

Ag, * 0

+

By, {([(12nB,ga’bh? - 16nE,;a’b) mpg? + (12nB,;a?bh?
- 16 E,;a’b)mn?pl R?* + (8nF,sa%b - 6nD,;a’bh?) mn’pR

+ (8mG,qa%b - 6nE,;a’bh?) mn*p)/3na?bh?R?(p?-m?) (g%-n?))

+

Con {[[(~161r2£.’26a2mn3 - 16n%E, b?m*n) p - 32n%E,;a’mnpg?] R?
+ (16n2F,sa’mnpg? + [8n%F,,a’mn® + (-8n%F,.b’m?
- 12A,,a*b*h’m) nl p)R + (8n?G,ga’mn®

- Gstazb"’hzmn)p] /31ta2bh2R2 (pz_mZ) (qz__nz)}

+

E,, {[(12nA,;a*h?npg? + 12mA,cab2h?m*np) R? + (6nBab*h®m?np

- 6nB,;a*h’npg?) R] /3nabh?*R? (p?-m?) (g%-n?))

+

Gm {[(1274,,a2bh?mpg? + 12mA,ca*bh*mn?p) R? + (6nB,ca’bh’mpq?®
+ 6nB,,a’bh’mn?p) R] /3na?bh?R?(p?-m?) (g?-n?)} = 0
Equation (58) for w becomes:
A, 0

= By, {([(1447%%F,;a®bh? - 192%%H,;a’b)mn® + (48n%F,b>h?

64n2H, b*)m® + (-36A,,a’b*h* + 288D,.a’b3h?

- 576F,;a%b?)ml pgR? + [(256=%2I,ca%b - 192n%G,;a’bh?) mn?

+

(36B,4a%b3h* - 48E,;a’b*h?)ml pqR + (4872 H,;a’bh?

6411:2J25a2b)mnzpq)/9‘tta2b2h‘R2 (p?-m?) (g2 -n%)}
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= Cun {[([(-72mAa%b2n* + 5760Dsa’b%h? - 11520 Fa’b?)m
- 256%°H,(b’m*]n - 256 n°H,;a’mn’)pgR? + [384n>I,ca’mn’
+ (128%3I,,b%m® - 192nE,;a’b?h’m) nl pgR + (96 F,ca’b?*h?mn
- 128n°H,,a?mn?) pqgl/9na®b2h*R? (p?-m?) (g?-n?))
- E,, {((48n2E,,a’h?n?® + 144n%E,;ab*h’m*n) pgR? + [(364,,a°b?h*
- 72n2F,(,ab%h?m?) n - 72n%F,;a*h*n®] pgR + (24n%G,a*h?n?
- 18B,,ab%h*n) pg)/9na’b*h*R?(p?-m?) (g -n?)}
- Gp, {[(144n%E,;a’bh?mn? + 48%%E,b>h’m’) pgR?
+ (-72m?F,,a’bh?mn? + 24%?F,b3h%m*® + 36A4,,a’b>h*m) pgR
+ (18B,;a’b3h*m - 24%2G,sa?bh?mn?) pql /9mab?h*R? (p?
_mZ) (qz_nz)} =0

Equation (59) for ¥ becomes:

Ay, {[(72D,¢h* - 192F,(h? + 128H,;) mnpgR + (-72E,ch*

+ 192G, h? - 1281,,) mnpql /9h*R(p?-m?) (g% -n?)}
+ By 0+ Cpr0+E 0 +G,r0=0
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Equation (60) for ‘l’y becomes:

A

mn

+ By, {([(36nD,,a?bh* - 144nF,;a’bh? + 128nH, a’b) mpg?

+ 0

+ (36=nD,,a’bh* - 48nF,,a’bh?)mn2p] R? + [(36nE,;a’bh*
+ 144nG,;a’bh? - 128nI,,a’b)mpg? + (48%G,,a’bh?
- 36nE, a’bh*) mn*p] R)/9na’bh*R?(p?-m?) (g2 -n?)}

+ Cpp {{[(256n%H,ga% - 96n%Fyga’h?) mnpg?® + ((-48n%Fyeah?

- 64n’H,;a?)mn® + [(64n%H,(b? - 48n2F, b*h?) m?

+

(36A,5a%b?h* - 288D,;a’b?h? + 576F, a’b?)m] n)p|R®

+

((1447m%G,ca’h? - 384n?I,,a®) mnpg? + [(48n2G,.a%h?

+

128n%I,,a?)mn® + (48E,;a’b%h? - 36B,,a’b*h*) mn] p)R

+

(128n2J,,a% - 48n%H,;a’h?) mnpg?
- 647n%J,,a’mn’p}/9na?bh*R?(p?-m?) (g?-n?)}
{[((36mB,a’h* - 94nE,;a’h?)npg?® + [48nE,ca’h?n?

+ (36nB,;ab®h® - 48nE,(ab’h?)m?’nl p)R? + [(144nF,.a’h?

54nD,ca’h%) npg? - 72nF,;a*h?n3p]R + (18%E,.a’h*

f

48x%G,sa’h?) npg? +2¢1=1thsa31221731:3]/91tazbh"R‘*(p2 -m?) (g2-n?)}
+ G

mn

+ [(48nF,,a’bh? - 18nD,ca’bh*)mpg? - 24nF,.a’bh*mn?p] R

{({(36®B,,a%bh* ~ 96nE,a’bh?) mpq? + 36nB,ca’bh*‘mn?p] R?

+ (48%G,,a’bh® - 18nE,;a’bh*) mpg?

- 24%G,,a’bh*mn?p)/9ma’bh*R?(p?-m?) (g?-n?)} = 0
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